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Our understanding of extrasolar planetary systems has undergone a revolution in
recent years due to major advances in the observations of exoplanets. Planetary
system architectures are found to be very diverse, consisting of closely orbiting
compact multiple systems of super-Earths and terrestrial planets, widely spaced
systems of giant planets, and bodies on temperate orbits at intermediate distances
from their host stars. A major unsolved question is how did these planetary systems
form and evolve to create the diversity that we now observe?
The focus of this thesis is to address this question using N -body simulations of
planetary systems, combined with models for realistic planet-planet collisions and
the nascent protoplanetary disc with prescriptions for disc-planet interactions. The
aim is to adopt initial conditions similar to those thought to exist around young
stars that are in the process of forming, and to construct a synthetic population of
exoplanet systems for comparison with the observations, in order to test our current
theories of planetary system formation. Different planetary system formation and
evolution scenarios are examined in this thesis, including in situ formation and
self-scattering between growing protoplanets, dynamical heating of inner planetary
systems by cold gas giants, and the in situ formation of systems containing hot
Jupiters and interior super-Earths.
In the in situ self-scattering scenario, simulations show that the final planetary
systems look broadly similar to the compact multiplanetary systems observed by
Kepler. But the observed distributions of planetary multiplicities or eccentricities
are not reproduced, because scattering does not excite the systems sufficiently. Post-
processing the collision outcomes suggests that the planets would not significantly
change the ice fractions of initially ice-rich protoplanets, but significant stripping
of gaseous envelopes appears likely. Hence, it may be difficult to reconcile the
observation that many low-mass Kepler planets have H/He envelopes with an in
situ formation scenario that involves giant impacts after the dispersal of the gas
4
disc.
In the scenario of dynamical heating of the inner planetary system by cold gi-
ants, synthetic transit observation of the final systems reveals dichotomies in both
the eccentricity and multiplicity distributions that are close to being in agreement
with the Kepler data. This suggested that understanding the observed orbital and
physical properties of the compact systems of super-Earths discovered by Kepler
may require holistic modelling that couples the dynamics of both inner and outer
systems of planets during and after the epoch of formation.
The in situ formation scenario demonstrates the plausibility of forming systems
of a hot Jupiter with companion super-Earths, such as WASP-47, Kepler-730, and
TOI-1130. Simulations show the evolution for such systems consistently follows
four distinct phases: early giant impacts; runaway gas accretion onto the seed pro-
toplanet; disc damping-dominated evolution of the embryos orbiting exterior to the
giant; a late chaotic phase after the dispersal of the gas disc. Synthetic transit obser-
vations of the simulations provide a similar occurrence rate for systems containing
a hot Jupiter and an inner super-Earth to the actual transit surveys. But simulated
hot Jupiters are rarely detected as single transiting planets, in disagreement with
observations. In situ formation is a viable pathway for forming systems with these
unusual architectures, although not for the majority of hot Jupiters.
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1. Introduction to exoplanets
一閃一閃亮晶晶 好像你的身體
藏在眾多孤星之中還是找得到你
— 孫燕姿, Hush 〈克卜勒〉
1.1. A brief history of exoplanets
Contemplating the existence of an unknown world, rather than the one we are living
on, has always fascinated human beings. The conjecture that our Earth and the solar
system are not the only ones in the universe has always emerged in history. To date,
planets beyond our solar system can be detected. They are named exoplanets. No
matter how we define exoplanets, either as worlds or planets, curiosity about them
is a natural part of the human instinct.
1.1.1. From the ancient periods to the first detection
As early as the classical period of ancient Greek history (c. 600 B.C. - c. 300 B.C.),
philosophers had already thought that there are some other worlds existing other
than our own. For example, Anaximander’s (c. 610 B.C. - c. 546 B.C.) assumption
of the worlds to be infinite in numbers was mentioned by Simplicius of Cilicia (c. 490
- c. 560) in his work On Aristotle’s Physics, and Epicurus (341 B.C. - 270 B.C.) in
his Letter to Herodotus said:
“There are infinite worlds both like and unlike this world of ours.”.
Their comments show that the belief in the existence of another world had emerged
a long time ago and is not a new idea in the recent decade.
Hippolytus of Rome (170 - 235) remarking on Democritus (c. 460 B.C. - c. 370
B.C.) said:
“There are innumerable worlds, which differ in size. In some worlds
there is no sun and moon, in others they are larger than in our world,
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and in others more numerous. The intervals between the worlds are
unequal, in some parts there are more worlds, in others fewer, some are
increasing, some at their height, some decreasing, in some parts they
are arising, in others failing. They are destroyed by collision one with
another. There are some worlds devoid of living creatures or plants or
any moisture.”.
This provided a more detailed description of the ancient idea. If we try to under-
stand this statement from the modern astrophysics point of view, it included some
important aspects which can be connected to our understanding of planetary sys-
tem structure and evolution. It mentioned that worlds can be different in size, and
we know that the type of planets can be very diverse (e.g. terrestrial planets, ice
giants, and gas giants). For the number of suns and moons, some planets can have
more than one satellite (e.g. Saturn) and some can have none (e.g. Venus), and
some planets are orbiting not only a single star (e.g. in a binary star system). The
number of worlds can be different in the sense of different multiplicities of different
exoplanetary systems once observed. The change of number of worlds can be de-
scribed as the evolution process of a planetary system, where the nebular hypothesis
(section 1.4) suggested that many planets can be formed in a system and the plan-
ets grow from the settling of dust grains to form planetesimals, planetary embryos,
protoplanets, and finally to planets. At some stage of the evolution process, the
high number of protoplanets/planets might experience collisions and giant impacts
with different bodies, which would then result in decreasing the multiplicity of the
system. Also, some exoplanets are discovered at an ‘optimum’ distance away from
their host star where the planet surface temperature is in the range that can sup-
port liquid water (habitable zone). Earth-like life may then develop. Although the
ancients thought and the belief in ‘another world’ is very likely to be different from
the modern physical model, it still provided evidence that people are curious about
what is outside the Earth.
Those ideas were not commonly accepted, and an influential philosopher in that
period of time, Aristotle (384 B.C. - 322 B.C.), did not agree with the idea. Aristotle
in his work, On the Heavens, asserted that
“There cannot be more worlds than one.”.
In the 2nd century, the notion on existence of ‘multiple world systems’ emerged
in Asia. An Indian Buddhist philosopher, Nagarjuna (c. 150 - c. 250), mentioned
that there are 10 billion ‘Sumeru’ (centre of a world) and 10 billion suns and moons
13
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together to form a bigger world system (can be thought of as a galaxy) in his book
The Treatise on the Great Perfection of Wisdom. Although he did not provide any
proof of his work in a scientific way, this idea was commonly shared in the area of
the Buddhist cultural sphere in that period of time.
Later in the period of Renaissance (the 14th - 17th centuries) in Europe, the
conjecture of infinite numbers of worlds transpired again. An Italian philosopher,
Giordaro Bruno (1548 - 1600), said:
“There are an infinity of worlds of the same kind as our own.".
A major landmark was made by Galileo Galilei (1564 - 1642) as he first observed
other planets in the solar system with a telescope. This provided a strong support
to Nicolaus Copernicus’s (1473 - 1543) idea of heliocentrism and opened a door for
searching for other ‘worlds’. Due to the limitation in technology at that time, the
first actual search of exoplanets was not made until the 19th century.
1.1.2. From the first detection to present
In the middle of 19th century, the first exoplanet detection was made. Jacob (1855)
gave some signs of a planetary object being present around the binary star 70 Ophi-
uchi. Four decades later in 1896, another observation of 70 Ophiuchi was made by
See (1896) where he tried to predict the existence of a dark object with a period of
36 years due to the unexpected orbital motion of the systems. However the system
predicted by See (1896) is thought to be unstable (Sherrill, 1999).
In 1969, a slight unsteady movement of Barnard’s star (a very low mass and faint
star near β Ophiuchi) is reported in Van de Kamp (1969) and claimed a discovery of
an orbiting planet. Although the above claim was based on the wrong information
(Boss, 2009), they took the first step to extrasolar planet exploration.
With the technological improvement in recent decades, the detection of exoplan-
ets can be confirmed. The first detection of an extrasolar planet was made in 1989
by the radial velocity method (HD 114762 b, Latham et al., 1989), which was con-
firmed by Cochran et al. (1991)1. Subsequently in 1992, two super-Earths, PSR
B1257+12c and PSR B1257+12d, were discovered by Wolszczan and Frail (1992).
They are orbiting a pulsar (pulsating radio star) and detected by the pulsar timing
1A recent Gaia data analyses by Kiefer et al. (2019) and Kiefer (2019) suggested that the mass
of HD 114762 b is ∼ 100 MJ, and is far beyond the planet domain. Although an object in this
range of mass is usually classified as a brown dwarf, HD 114762 b is considered as an exoplanet
according to the NASA Exoplanet Archive.
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method. Also, the PSR B1257+12 system is the first multiple extrasolar planet
system discovered.
The first confirmed extrasolar planet orbiting around a main-sequence star, 51
Pegasi (with stellar classification of G5V), is 51 Pegasi b (Mayor and Queloz, 1995).
The mass of 51 Pegasi b has a lower limit about half of Jupiter’s mass, and the
semimajor axis of its orbit is about 0.05 au. According to its value of mass and
semi-major axis, 51 Pegasi b is classified as a hot Jupiter. The first confirmed
super-Earth orbiting around a main sequence star is Gliese 876 d which is found by
Rivera et al. (2005).
The development in the field of searching for exoplanets did not slow down because
of the early success. For example, the usage and improvement of charge-coupled
device (CCD) cameras, image processing computer software and spectroscopy with
high resolution, have led to some new detection methods such as transit and direct
imaging. And also, with the improved measurement and analysis procedure, more
planet candidates can be confirmed as planets, such as γ Cephei Ab which was
detected in 1988 (Campbell et al., 1988) and confirmed 15 years later in 2003 (Hatzes
et al., 2003).
Furthermore, the culture of searching for exoplanets has changed from individual-
based to mission- and project-based in the past decade. Convection Rotation and
planetary Transits (CoRoT, Auvergne et al., 2009) led by National Centre for Space
Studies (CNES) is the first extrasolar planet space mission which was launched
in 2006. CoRoT detected planets by the transit method and obtained more than
160,000 light curves in about 7 years. After the launch of CoRoT, more and more
extrasolar planet missions (both ground based project and space mission) were intro-
duced, such as Kepler (Borucki et al., 2010), Wide Angle Search for Planets (WASP,
Pollacco et al., 2006), and High Accuracy Radial Velocity Planet Searcher (HARPS,
Mayor et al., 2003).
1.2. Detection methods
The detection of extrasolar planets is not as easy as the detection of stars or galaxies.
Even in the case of a planet with a high albedo, the light from the host star that is
reflected by the planet is still extremely faint compared to the light that is received
directly from the host star. Not only is the detection of such a tiny amount of light
difficult, but also the relatively bright light from the host star has almost covered
all the light source information of the planet. This situation can be analogous to
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observing a firefly flying close to a lighthouse. The light from the firefly are still
able to reach the observer, but it is extremely difficult to classify the actual source
within the lightning bug (planet) and the lighthouse (star).
With the above reason and the technology standard nowadays, most of the extra-
solar planet detection methods are indirect observation. Some orthodox methods,
such as radial velocity and transit, will be discussed in this section.
1.2.1. Radial velocity method
The radial velocity (RV) method is also known as Doppler spectroscopy. The
Doppler effect is the change in frequency of a wave when the source moves rela-
tive to its observer along the line of sight. Compared to the emitted frequency
from the source, the observed frequency is higher during the approach and lower
during the recession. The idea of using the radial velocity method to search for
exoplanets goes back to the 1950’s (e.g. Struve, 1952). As of today, around 20%
of exoplanets were discovered by this method. The first confirmed planet around a
main-sequence star (Mayor and Queloz, 1995) was discovered by the radial velocity
method. HARPS on La Silla Observatory and the High Resolution Echelle Spec-
trometer on Keck Observatory (HIRES, Vogt et al., 1994) are two of the highest
precision ground-based instruments and most successful projects that use Doppler
spectroscopy to find exoplanets. More than 400 exoplanets were found by these
instruments, including one of the smallest RV exoplanets, YZ Cet b (< 1 M⊕),
orbiting around a nearby M-dwarf YZ Cet (Astudillo-Defru et al., 2017).
When a planet is orbiting a star, the star would feel the gravitational force from
the planet. The gravitational force from the planet would induce a small periodic
orbital motion to the star around their barycentre (figure 1.1) due to the conservation
of momentum. Detecting such a periodic wobble of the star suggested that there
might be a planet present in that system. This wobbling motion of a star can be
detected and analysed by spectroscopy. As shown in figure 1.2, the starlight is blue-
shifted (shorter wavelength) when the star moves towards and red-shifted (longer
wavelength) when the star moves away the observer.
The Doppler shift of the star caused by the planetary orbital motion can be







where λobs is the wavelength detected by the observer, λemit is the emitting wave-
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Figure 1.1.: Two-body planetary system with their orbits around the barycentre (◦)
of the system. The solid orbits represent the orbits of mass Mp around
the barycentre (left panel) and the central mass M? (right panel). The
dashed orbits are the orbit of the mass M? around the barycentre (left
panel) and the orbit of the barycentre in the reference frame of the
centre mass (right panel). The orbit of the planet has a semi-major axis




Figure 1.2.: Top view of a radial velocity model. The wavelength of the light from
the star gets shorter when the motion of the star is moving towards
the observer and gets longer when the motion is moving away from the
observer. The symbol ◦ is the centre of the stellar orbit and the arrow
shows the direction of the star’s orbit. Figure not to scale.
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length of the source star, vR is the relative radial speed caused by the planet orbital
motion between the star and the observer, v? is the relative speed between the frame
of the star and the observer, and c is the speed of light.






Hence, the conservation of momentum between the star and the planet yields (Sea-












where G is the gravitational constant, P is the orbital period, Mp is the mass of the
planet, M? is the mass of the star, e is the eccentricity of the orbit, and ip is the
inclination angle between the sky plane of the observer and the orbital plane of the















where the unit MJ is the Jupiter mass and M is the solar mass.
Figure 1.3 shows two examples for the radial velocity detections of planets. The
radial velocity curve on the top panel is the discovery detection of the first confirmed
planet around a main-sequence star, 51 Pegasi b (Mayor and Queloz, 1995), which
is a Mp sin ip ∼ 0.47 MJ giant with an orbital period of 4.23 days around a 1.03 M
star. This hot Jupiter provides a strong RV signal of vRV ∼ 60 ms−1. The curve on
the bottom panel is the discovery detection of Proxima Centauri b, which is orbiting
the nearest star to our Solar system and is only 4.2 light-year away (Anglada-Escudé
et al., 2016). Proxima Centauri is a red-dwarf with M? = 0.12 M, and the mass
of its planet has the Mp sin ip value ∼ 0.004 MJ (1.27 M⊕). This yields a small RV
signal of vRV ∼ 1.38 ms−1.
One drawback of the radial velocity method is that the detection of low mass
planets around a Sun-like star is difficult and requires high RV detection accuracy.
It is because the values of vRV for such systems are too small for detection limits
nowadays (generally ∼ 1 to 3 ms−1). More recently, ESPRESSO (instrumental
precision ∼ 0.1 ms−1, Pepe et al., 2020) demonstrated a RV precision of ∼ 0.25 ms−1
(limited by stellar noise). Table 1.1 lists the RV signal of the Sun induced by different
18
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Figure 1.3.: The discovery RV measurements of (top) 51 Pegasi b (Mayor and
Queloz, 1995), and (bottom) Proxima Centauri b (Anglada-Escudé
et al., 2016) with their model fits plotted in solid lines. The x-axes
repersent the phase, where (top) φ is the time normlized to one epoch
based on their model fit, and (bottom) is the real time in the unit of
days. The data points are obtained by (top) the ELODIE of the Haute-
Provence Observatory (Baranne et al., 1996), and (bottom) the UVES
(Dekker et al., 2000) and HARPS both at the European Southern Ob-
servator (ESO).
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Table 1.1.: RV signal, vRV of different planets with an edge on circular orbit around
a Solar type star (ip = 90◦; e = 0; M? = 1M). Values of vRV are
obtained by equations 1.3 and 1.4.














solar system planets. In the solar system, only Jupiter lies above the RV detection
limit (vRV = 12.5 ms−1) while Saturn is close to the limit. A Neptune size planet
would also be detectable if it is orbiting much closer to the host star (at 0.1 au,
vRV = 4.8 ms
−1). To detect planets with smaller values of vRV, higher precision
RV observations are needed, such as the future Thirty Metre Telescope (TMT,
Schöck et al., 2009) and its installed ExAO systems which might be able to observe
Neptune-like planets orbiting beyond 1 au.
1.2.2. Transit method
If a planet transits between its host star and the observer, the planet would block
some of the light from its star. Therefore, if we detect a periodic drop of the
stellar brightness, it suggests that there might be a planet orbiting around the star.
Transit events can be detected by monitoring the changes in the brightness of the
star. During a transit event, the relative brightness of the star would drop and this
could be recorded in a light curve (figure 1.4). Figure 1.5 shows two examples of a
transit light curve obtained from the Kepler observations together with their transit
model fits.
The period of the planet can be obtained by measuring the time in between each
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Figure 1.4.: Diagram illustrating a transit event. At the bottom is the light curve
of the relative brightness of the star. The transit impact parameter is
bT (see also figure 1.6), the radius of the star is R?, the relative transit
depth is DT, and the transit duration is Td.





when the stellar mass is also known. The transit light curve can also provide infor-
mation of the planet radius, Rp, by the relation between the flux, F , and the area A,
in the form of F ∝ 1/A. Knowing the relative transit depth, DT, the planet radius










where R? is the stellar radius and ∆F is the change of flux during the planet transit.
If the planet masses can be found by follow-up RV observations, the density of the
planets can also be determined. When the planet is transiting, the starlight would
pass through the atmosphere of the planet and lead to some changes in the observed
spectrum. The changes in the spectrum might be able to provide information on the
planet’s atmosphere, such as a recent discovery of water vapour in the atmosphere
of K2-18b (Tsiaras et al., 2019).
The orbital eccentricity of a transit planet can also be estimated by the transit
method. Figure 1.6 demonstrates the geometry required to obtain the eccentricity
estimation. Knowing the values of P and a, we can calculate the expected transit
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Figure 1.5.: Two examples of transit light curves. These are the discovery light
curves of Kepler-22b (top) and Kepler-452b (bottom) with their model
fits plotted in red line (Borucki et al., 2012; Jenkins et al., 2015). The
red star (top) and triangle (bottom) symbols are their mid-transit times
based on the model fit.














where ϕ is the transit duration angle defined as sinϕ/2 = l/a, l is the half distance
the planet travelled across the surface of the star, l =
√
(R? +Rp)2 − (bTR?)2,
bT is the transit impact parameter which is defined as bT = (a cos ip)/R?, and ip
is the angle between the sky plane of the observer and the orbital plane of the
planet. Together with the known transit duration, Td, obtained directly from the
observational light curve, the eccentricity of the orbit can be related to the argument





(1− b2T) (1− e2)
1 + e sinω
. (1.8)
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Figure 1.6.: Geometric demonstration of the transit model, defining the transit du-
ration angle, ϕ, half distance the planet travelled across the surface of
the star, l, and the transit impact parameter, bT.
The chances of detecting exoplanets by the transit method are generally very
small, because not all planets have a transiting orbit from our line of sight. The
probability of a planet having a transiting orbit, P (transit), can be approximated
as,
P (transit) ≈ R?
ap
. (1.9)
For example, when we are observing our solar system far away from a random
position, the probability of seeing that the Earth transit the Sun would only be
∼ 0.47 %. Moreover, even though the mutual inclination angle of the solar system
is small (< 4◦, except Mercury is ∼ 7◦, compared to the Earth’s orbital plane),
there is no single viewing angle that can allow all 8 planets to have a transiting
orbit. From any viewing angle, the Solar system can only have a maximum number
of 3 transiting orbits at a time. For any transit survey on their own, it is difficult
to confirm the intrinsic multiplicities of those systems.
Although it’s very likely that many planets are not transiting planets from our
viewing position, the transit method has still discovered more than 75 % of confirmed
planets to date. This is due to the fact that the transit survey can be targeting a
large area of sky to achieve a relatively high efficiency for searching exoplanets, such
as the CoRoT (Auvergne et al., 2009) and Kepler mission (Borucki et al., 2004). On
the other hand, a significant weakness of transit surveys is the high degree of false
positives (e.g. Santerne et al., 2012). Around half of the Kepler objects of interest
(KOI) are considered as false positives. Many follow-up observations, such as RV,
are required to validate those transit candidates from the transit surveys.
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keplerfov.png
Figure 1.7.: Kepler field of view superimposed on the night sky (credit to C. Roberts;
taken on 18-12-2009).
Kepler mission
The Kepler mission is designed to investigate the structure and variety of extrasolar
planetary systems, and also to discover and validate Earth-size extrasolar planets
in or near the habitable zone (Borucki et al., 2004). From the beginning of the
mission, more than 2,300 planets have been confirmed as Kepler planets (Borucki
et al., 2010, 2011; Batalha et al., 2013; Burke et al., 2014; Rowe et al., 2015; Mullally
et al., 2015; Coughlin et al., 2016; Thompson et al., 2018). This makes the Kepler
mission one of the most successful projects for finding exoplanets.
The Kepler Space Telescope is a space observatory that was launched by National
Aeronautics and Space Administration (NASA) on the 7th March 2009. The main
telescope of Kepler is a Schmidt type telescope with a diameter of 0.95 m and a
collecting area of 0.708 m2. Its orbit is a heliocentric orbit following the Earth
with a semi-major axis near 1 au, so its field of view would not be covered by the
Earth and the observations can be continuous, and the spectrophotometer will not
be affected by the diffuse light from Earth. The Kepler field of view was pointing to
the Cygnus constellation (figure 1.7), which is decent for the survey. It is because
the view of Kepler to Cygnus would not be blocked by the Kuiper belt and the
asteroid belt, and it is a dense region in the Galaxy (along the Orion spiral arm).
Further technical overview of Kepler is set out in Borucki et al. (2004).
As mentioned earlier in this section, the confirmation of a Kepler planet is not
only decided by the detection of a transit event. The validation process starts from
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the Kepler Input Catalog (KIC, Brown et al., 2011), which contains the physical
and photometric data of the stellar source in Kepler’s field of view. If a periodic
drop of brightness is detected from the source, that star is likely to host one or
more transiting planets and to be considered as a member of the KOI. Once the
star is in the list of KOI, Kepler would record more details on each transit event,
such as the transit depth and transit duration of the signal. Follow-up observations
are required to carry on the validation process (Gautier et al., 2010). With the
follow-up observation, some transit events would become false positives (Morton
et al., 2016) and some were confirmed as Kepler planets. In between the stage
of becoming a confirmed planet or false positive, the KOI objects are classified as
Kepler candidates, where they may or may not be a planet. The discovery statistic
obtained from the Kepler mission is discussed further in section 1.3.2.
1.2.3. Other methods
Astrometry
Astrometry is the most common method that has been used to search for extrasolar
planets from the 19th to the middle of 20th century. As mentioned earlier in section
1.1.2, Jacob (1855) and See (1896) did some observations of the 70 Ophiuchi system
by astrometry. So far, only 1 confirmed planet was discovered using this detection
method.
Similar to the RV method, astrometry also involved the observation on the orbital
motion of the star due to its conservation of momentum with the planet (figure 1.1).
While the RV method is to observe the Doppler shift of the stellar spectrum (section
1.2.1), astrometry observes the physical wobbling of the target star. Unfortunately,
the changes of the stellar position are usually small, which is due to the planet-to-
star mass ratio is usually small, and the gravitational force acted on the star by the
planet is relatively tiny.
DENIS-P J082303.1-491201 b (Sahlmann et al., 2013) is the only exoplanet dis-
covered by the astrometry method so far. This planet is also one of the most massive
exoplanets found, and its mass is up to 28.5 MJ2. On the other hand, the mass of
its host star (DENIS-P J0823031-491201) is only 0.075 M. Hence, the planet-to-
star mass ratio of this system is big (∼ 0.36, while Jupiter-to-Sun mass ratio is
∼ 9.5× 10−4), and the detection of the planet by astrometry is possible.
High precision observations are required for astrometric planet detections. The
2Although an object in this range of mass is usually classified as a brown dwarf, DENIS-P
J082303.1-491201 b is considered as an exoplanet according to the NASA Exoplanet Archive.
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Figure 1.8.: Side view of a simple illustration microlensing event. The light from
the source (a distance planetary system) travels to the observer and
gets bent by the gravitational lens. Top panel demonstrates the obser-
vation of the apparent image, middle and bottom panels demonstrate
the change of observable light from the target system. The middle panel
can be related to the peak of the microlensing light curve as shown in fig-
ure 1.9, while the bottom panel illustrated the second peak that caused
by the microlensing event of the planet.
Gaia space observatory operated by the European Space Agency (ESA) was designed
to provide high precision astrometric observations (Perryman et al., 2001; Casertano
et al., 2008; Perryman et al., 2014). The ongoing Gaia astrometric observations
could provide many useful updates for the exoplanetary parameters, such as the
inclinations of exoplanet orbits, and a more accurate set of masses of the planets
and the stars.
Microlensing
According to the theory of general relativity (GR) by Einstein (1916), gravity bends
the light paths through space-time. When a star passes-though the line of sight of the
observer and a more distant star, the gravity of the foreground star acts like a lens
which increases the apparent brightness (but not the stellar surface brightness) of
the source. Figure 1.8 demonstrates a basic illustration case of a mircolensing event
where a foreground astronomical object acts as a gravitational lens. The change of
alignment between the observer, the lens, and the target system would lead to a
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Figure 1.9.: The light curve of the microlensing event of OGLE-20050BLG-390. The
highest peak caused by the microlensing event of the host star. A small
peak at around 10 days after the maximum peak was caused by the
microlensing event of the planet in the system. Data from six different
telecospes provides the information in this figure, where orange data
points are from La Silla Danish; blue from Perth; black from OGLE;
brown from MOA; cyan from Faulkes North; magenta from Tasmania
(Beaulieu et al., 2006; Dominik, 2010).
change in apparent brightness of the target system. Figure 1.9 shows an example of
an exoplanet microlensing event of PGLE-2005-BLG-390 in 2005 (Beaulieu et al.,
2006), where the first peak of the light curve is caused by the microlensing of the
star. The second and the smaller peak apeared at around 10 days after the maximum
peak, and were caused by the microlensing of the planet.
One of the advantages of this method is being able to detect further out Earths/
super-Earths (& 1 au; ∼ 1 to 5 M⊕), such as OGLE-2016-BLG-1195L b (Shvartzvald
et al., 2017) and OGLE-2017-BLG-0173L b (Hwang et al., 2018), and point to a
different population of exoplanets which is difficult to pick out by the transit and
radial velocity methods.
However, a significant defect of the microlensing method is that the detection
can not be repeated. This is because of the requirement for a specific alignment
between the lens and the target stars. Follow-up detections are also difficult to
achieve by other detection methods due to the large scale distance (∼ kpc) between
both sources, lens and observer which is required by microlensing.
Optical Gravitational Lensing Experiment (OGLE, Udalski, 2003) and Microlens-
ing Observations in Astrophysics (MOA, Bond et al., 2002) are two of the main
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Figure 1.10.: Direct image of system HR 8799, including the three giant planets HR
8799 b, c, and d. The mass of the planet HR 8799 b is ∼ 7 MJ. And
the planets HR 8799 c and d have a mass of ∼ 10 MJ (Marois et al.,
2008).
ground-based microlensing observation projects. These two projects are both lo-
cated in the Southern Hemisphere for better observations of the Galatic bulge. They
are located on two sides of the Earth (MOA in New Zealand and OGLE in Chile),
which allows the cooperation with each other for continuous observations.
Direct imaging
Unlike many other exoplanet detection methods, direct imaging involves direct ob-
servations of the planets. As mentioned earlier in this section, the light from the
planet is extremely difficult to detect with today’s observational precision. For plan-
ets to be observed by direct imaging, they have to be far away from their host star
(around a few au to a few thousands au), large enough (> MJ), and generally hot
enough (to be brighter in the infrared emission). Figure 1.10 shows an example
of direct imaging of an exoplanetary system, HR 8799, where the direct images of
planets HR 8799 b, c, and d are captured (Marois et al., 2008).
Higher observational precision is required to achieve direct images of exoplanets.
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where θt is in radians, λ is the wavelength of light observed, and Da is the aperture
diameter of the telescope. The relation of θt ∝ 1/Da means that the angular resolu-
tion can be improved by doing observations with a larger telescope. Ground-based
observations with adaptive optics (Beckers, 1993) and space telescopes (e.g. the
Hubble Space Telescope) are commonly used in direct imaging, which can reduce
the wavefront distortion by the atmosphere and maintain a high enough resolution
for the image.
Orbital brightness modulation
The brightness of a stellar system with a planet that we can observe is not merely
based on the star itself. Although the star dominated most of the brightness, a
small influence from the planet may still provide some useful information. Transit
(section 1.2.2) and reflection are the two examples that planets influence the system’s
brightness. The light reflected by a planet orbiting a star can provide a periodic
change in the total brightness. Like the transit method, the changes of the brightness
could also provide evidence that the system might contain planets.
This method has a tendency to detect some relatively large planets or ones with
very small orbital radius, and high albedo. This is because the reflection rate from
this kind of planets is relatively high. Kepler-70 b and Kepler-70 c (also known
as KOI-55 b and c, Charpinet et al., 2011) are the first two examples of confirmed
planets discovered by this method. Both of them have an orbital period of less than
0.5 days.
Timing variations
There are gravitational interactions between each object in a planetary system, and
some of the interactions might lead to a noticeable variation in their orbital periods.
Two main discoveries using this phenomenon are pulsar timing variations and transit
timing variations.
As the pulsars have very regular and short rotation periods, the radio waves
emitted are also at a highly regular rate. The presence of the planet around it
would causes a small movement around the barycentre (similar to figure 1.1), and
lead to a small changes in the periodic radio waves observations. The very early
29
1. Introduction to exoplanets
Figure 1.11.: The individual timing deviations of Kepler-19b, which shows a clear
variation between the observed and predicted transit time with a period
of 316 days and O-C amplitude of 5 minutes (Ballard et al., 2011).
discoveries of exoplanets, PSR B1257+12 c and PSR B1257+12 d were found by the
pulsar timing variations observation (Wolszczan and Frail, 1992).
Transit timing variation (TTV) makes use of the periodic change of the timing in
the transit event of a planet. This change can be caused by the existence of another
non-transiting planet. In the case of the Kepler-19 system, the orbit of the transiting
planet, Kepler-19b, had a TTV signal amplitude (maximum time difference between
time of predicted transit and observed transit, normally described as observed –
calculated, O–C) of ∼ 5 minutes. Figure 1.11 shows the time variations (O–C) data
of Kepler-19b, which led to the discovery of Kepler-19c (Ballard et al., 2011).
1.3. Exoplanets statistics
1.3.1. Diversity of planetary systems
More than 4000 exoplanets have been discovered by multiple detection methods to
date (figure 1.12). The transit method has discovered the greatest number of exo-
planets so far (around 76 %), the radial velocity method comes in second and has dis-
covered around 19 % of the confirmed planets, and other methods (e.g.microlensing
and direct imaging) contributed the remaining 5 % of discoveries.
Figure 1.13 shows the mass and semi-major axis distributions of the confirmed
planets with their discovery detection method. Different types of planets can be
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Figure 1.12.: Cumulative number of confirmed exoplanet with their discovery meth-
ods from 1989 to September 2020.
discovered by different detection methods (section 1.2). For example, radial velocity
observations have a high efficiency to detect Jupiter mass planets with intermediate
orbital periods, transit detections are efficacious in detecting planets in a close-in
orbit, microlensing can detect bodies at intermediate distances from their host stars,
and direct imaging can discover some very large planets orbiting further away from
their host star.
Exoplanets can be divided into a few subgroups in terms of their sizes, compo-
sitions and orbital distances, for instance, hot-Jupiters, cold gas giants, ice-giants,
terrestrial planets, etc. The large population of exoplanets on the top left corner
of figure 1.13 is classified as hot-Jupiters, and most of them are discovered by the
transit survey or RV observations. A Hot-Jupiter is a gas giant with very short
orbital period of . 10 days (. 0.1 au), such as some early Kepler discoveries in-
cluding Kepler-5b (Koch et al., 2010) and 6b (Dunham et al., 2010). Cold giants
are classified as the gas giants in more temperate orbits or further out in their sys-
tem. Microlensing, direct imaging, and radial velocity provided discoveries on a
population of cold giants. Direct imaging discovered some cold giants with orbital
semi-major axes greater than 10 au, which are difficult to be confirmed by detec-
tion methods involving the detection of stellar periodic effects (transit and radial
velocity).
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Figure 1.13.: The distribution of the planetary mass (or Mp sin ip) and the semi-
major axis of confirmed exoplanets. Different colours represent the
discovery methods of the relative exoplanets. Solid lines and coloured
areas adumbrate the schematic parameter spaces of the radial velocity
(red), transit (green), microlensing (blue), and direct imaging (cyan).
The horizontal dashed line denoted the mass of Earth (bottom), Nep-
tune (middle), and Jupiter (top).
There are also populations of smaller exoplanets discovered, and they are between
the size of Neptune and Earth, namely sub-Neptunes or super-Earths, depending
on their sizes and compositions. In general, a super-Earth refers to an exoplanet
with a planetary mass higher than that of the Earth, but considerably less massive
than Neptune; a sub-Neptune refers to a more massive exoplanet, but still below the
mass of Neptune. More specifically, the term super-Earth can be used to describe
an exoplanet without a significant atmosphere, while a sub-Neptune has a thick
hydrogen-helium atmosphere. These two populations are more close-in (< 1 au),
because of the detection methods which are sensitive to the relative sizes (transit
and radial velocity) and are not effective in detecting planets with long orbital
periods.
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Figure 1.14.: Number of confirmed exoplanets in terms of the multiplicity of their
system. The colours represent the discovery method of the planet.
43 % of confirmed planets are found in multiplanet systems (multiplicity ≥ 2).
Figure 1.14 shows the number of planets with respect to their system multiplicity.
The system multiplicity of Kepler-90 is 8, which makes it the highest multiplicity
system that has been discovered so far (Cabrera et al., 2014; Shallue and Vanderburg,
2018). All confirmed planets in the Kepler-90 system have been discovered by the
transit method using the Kepler data. The radial velocity method can also detect
planetary systems with high multiplicity, such as the HD 10180 (Lovis et al., 2011),
HD 219134 (Vogt et al., 2015; Motalebi et al., 2015), and HD 34445 (Howard et al.,
2010; Vogt et al., 2017), each of these systems having a multiplicity of 6.
1.3.2. Kepler statistics
More than 55 % of confirmed exoplanets were discovered utilizing Kepler observa-
tions. The types of Kepler systems are found to be very diverse, including systems
of compact super-Earths and terrestrial planets, single transiting hot Jupiters, and
multiplanet systems of terrestrial planets and giants (figure 1.15). The unique pro-
portion of the Kepler discoveries provided a valuable statistical data set, which can
lead to better studies about the underlying formation process for the inner parts of
planetary systems. Comparing theoretical or simulation results of different plane-
tary system formation hypotheses to the Kepler observation statistic are essential.
For example, the multiplicity, eccentricity, and planetary radius distributions from
the Kepler observations could be important targets for theoretical studies.
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Figure 1.15.: Distributions of confirmed Kepler planets in terms of their planet radii,
orbital periods, and mulitiplicities (top left, Np = 1; top right, Np = 2;
bottom left, Np = 3; bottom right, Np > 3; ).
Multiplicity dichotomy
The number of transiting planets or the transit multiplicity of a system is highly
dependent on the intrinsic multiplicity, orbit separations between each planet, and
mutual inclination of the system. For example, an intrinsic closely packed 5-planet
system with a system mutual inclination of 0.001◦ would have a higher chance to
be detected as a multi-transiting system compared to an intrinsic largely spaced
2-planet system with mutual inclination of 5◦.
Kepler observations show that there is a large population of single-transit systems
relative to the multi-transit systems. Table 1.2 shows the transit multiplicity ratio,
TMR(i:j) (define as the number ratio between i-transit systems and j-transit sys-
tems), obtained from the Kepler data. It is clear that the TMR(2:1) is smaller than
the other TMR by a factor of ∼ 1.6. Previous studies show that the TMRs with
single-transit systems are difficult to reproduce by models with a single distribution
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Table 1.2.: Transit multiplicity ratio (TMR) of the Kepler observation.
Ratio (it:jt) 2t:1t 3t:2t 4t:3t 5t:4t
TMR 0.23 0.36 0.37 0.39
of mutual inclination (Lissauer et al., 2011b; Johansen et al., 2012; Poon, 2016).
This implies that the Kepler systems may contain two sub-populations, where one
population has high multiplicities and small mutual inclinations, and the other has
low multiplicities or large mutual inclinations. The origin of this Kepler multiplicity
dichotomy is still not well understood.
Alternatively, Zink et al. (2019) try to explain the multiplicity dichotomy by
considering the incompleteness of the Kepler data. Their model shows the reduced
detection efficiency after detecting the first planet in a multi-planet system. This
detection bias can result in the over-abundance of detected single-transit systems.
Eccentricity dichotomy
Orbital eccentricities of transiting planets can be constrained by comparing their
expected and observed transit durations (equations 1.7 and 1.8). The analysis by
Xie et al. (2016) first showed that there is an eccentricity dichotomy within the
Kepler observations, where the population of Kepler single-transit planets has a
higher mean eccentricity, 〈e1〉 = 0.32, compared to the population in multi-transit
systems, 〈e≥2〉 = 0.04. A more recent study by Mills et al. (2019) also shows support
for this dichotomy signal with 〈e1〉 = 0.21 and 〈e≥2〉 = 0.05.
The distribution model of eccentricities commonly follows a Rayleigh distribution










: 0 ≤ e < 1, (1.11)
where σe is the scale parameter of the eccentricity distribution (eccentricity param-
eter). Mills et al. (2019) suggested that the values of σe = 0.167 for single-transit
systems and σe = 0.035 for multi-transit systems would provide the best agreement
with the data (figure 1.16). The strong eccentricity dichotomy signal shown by
Xie et al. (2016) and Mills et al. (2019) (see also Van Eylen et al., 2019) indicates
the population of single-transit and multi-transit systems could have experienced
different dynamical histories.
35
1. Introduction to exoplanets
Figure 1. from The California-Kepler Survey. VIII. Eccentricities of Kepler Planets and Tentative Evidence of a High-metallicity Preference for
Small Eccentric Planets
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Figure 1.16.: The likelihood of the eccentricity parameter σe (Mills et al., 2019).
The data and model fit for the eccentricities of single-planet systems
are plotted in black. The cyan curve is their model fit for the multi-
planet systems. The three horizontal lines indicate the 1- (dotted),
2- (dotted–dashed), and 3- (dashed) σ likelihood differences. The 1-σ
confidence intervals are coloured in blue, and 3-σ confidence intervals
are coloured in green. This shows a strong dichotomy signal in eccen-
tricity distribution between single-transit and multi-transit systems. It
shows that the best fit is with σe = 0.167 for single-planet systems,
and σe = 0.035 for multi-planet systems.
Radius gap
The study by Owen and Wu (2013) pointed out that the mass-loss due to photoe-
vaporation of planet atmospheres would lead to a bimodal distribution of the planet
size. Later on, the Kepler data analysis by Fulton et al. (2017) provided strong ev-
idence that the radius distribution of small planets (Rp < 4 R⊕) has separated into
two groups (figure 1.17, see also Fulton and Petigura, 2018; Van Eylen et al., 2018).
This bimodal distribution shows the two modes at ∼ 1.3 R⊕ and ∼ 2.4 R⊕ and a
distribution valley (radius gap) at 1.5 − 2.0 R⊕. It indicates that the super-Earth
population (∼ 1.3 R⊕) and the sub-Neptune population (∼ 2.4 R⊕) are two distinct
classes of planet.
The model of atmosphere photoevaporation suggested that the position of the
radius gap can be explained by the planet core composition, where a planet with
radius smaller than the position of the valley has a rocky core rather than a volatile
rich core (Owen and Wu, 2017; Jin and Mordasini, 2018). The origin of the radius
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Figure 1.17.: Radius distribution of close-in planets (P < 100 days). This shows
a bimodal distribution with the modes at ∼ 1.3 R⊕ and ∼ 2.4 R⊕
(Fulton et al., 2017).
gap can also provide information for the planet evolution histories, for example, a
study by Owen and Campos Estrada (2020) suggested that a large number of short
period super-Earths have lost their gas envelopes by atmosphere photoevaporation.
1.4. Planetary system formation
The two main components of planetary systems are stars and planets. The formation
and evolution theories of both components are not completely well understood, and
remain as active research areas in astrophysics.
One of the most commonly accepted models of planetary system formation is
the nebular hypothesis. The idea was first proposed by Swedenborg (1734) and
developed throughout the following century (e.g. Kant, 1755; de Laplace, 1796).
The modern model for this hypothesis is the solar nebular disc model (SNDM)
by Safronov (1972), which applied only to the Solar system at first, but then was
suggested to apply to other planetary systems. The minimum mass solar nebula
(MMSN, Hayashi, 1981) is the solar disc model which gives the minimum mass of
solid material for the formation of the 8 Solar system planets.
The nebular hypothesis indicates that the stars are formed in giant molecular
clouds. These giant molecular clouds are gravitationally unstable. Young protostars
are then formed by the rotation and gravitational collapse of the clouds. If the
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Figure 1.18.: 5 protostars in the Orion Nebula, where 4 of the protostars are sur-
rounded by their protostellar discs (credit to C. R. O’Dell, ESA /
Hubble; released on 13-6-1994).
Figure 1.19.: A protoplanetary disc surrounding HL Tauri. Image taken by Atacama
Large Millimeter Array (ALMA, ALMA Partnership et al., 2015).
angular momentum of the cloud is greater than zero (rotating), a protostellar disc
can be formed (figure 1.18). The materials which are further away from the protostar
with higher angular momentum would orbit around the newly formed star, in the
form of a protoplanetary disc (figure 1.19).
The disc has a rotational motion around the central body, and we can use that
to define the orbital plane. The upward and downward moving particles would
cancel out their vertical momentum due to the conservation of momentum. So,
the gas and dust particles above or below the orbital plane tend to move closer to
the orbital plane, and the disc becomes flat. At this stage, dust grains in the flat
disc can continue to merge together to form bigger objects, such as planetesimals,
protoplanets, and planets, until the disc dissipates.
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1.4.1. Accretion disc
A protoplanetary disc is an accretion disc that supplies material to the central star.
This thin disc generally has negligible mass compared to the host star, where the
typical disc mass is around 1 to 3 % of the stellar mass. The central mass domination
provides a good approximation that the angular velocity of the disc complies with
Kepler’s 3rd Law (equation 1.5), therefore a Keplerian disc. The disc material moves
in nearly circular orbits, with a slow inward drift (accretion). This is due to the
angular momentum transfer mechanisms. Outward transport of angular momentum
occurs, which allows disc material to lose angular momentum and drift inwards.
Viscosity is considered to be one possible angular momentum transport mecha-
nism. The Keplerian orbital angular velocity has an inverse relation to the orbital
radius. The inner material rotates faster than the outer material, which induces
a friction force such that the inner material loses angular momentum to the outer
material.
The thickness of a viscous disc is supported by hydrostatic equilibrium. If we
assume the gas is locally isothermal (constant local temperature from the disc mid-





where R is the ideal gas constant, T is the local temperature, µ is the molecular
mass, and Ω is the local Keplerian velocity. The local Keplerian velocity at orbital
distance, r is Ω =
√







Combining equations 1.12 and 1.13, a relation between the local sound speed, Kep-
lerian velocity, and half-thickness can be written as
cs = HΩ, (1.14)
which means that the thickness of the Keplerian disc can be computed once the
molecular mass and local isothermal temperature at each distance r is known.
The viscosity arises from the frictional force between gas at different orbital dis-
tances which orbit at different speeds. Consider an annulus of disc material at
distance r from the centre with a width dr, in a Keplerian disc; the time evolution
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where t is the time, ν is the kinematic viscosity, and Σ is the local surface density
of the disc.
1.4.2. Terrestrial planet formation
A terrestrial planet, or rocky planet, is a planet that has a rocky core which domi-
nates the total mass of the planet. Mercury, Venus, Earth, and Mars are examples
of rocky planets in the Solar system. In general, the idea of the formation process
for such planets is believed to follow several key stages.
Small dust grains tend to settle towards the mid-plane of the protoplanetary disc.





where Rdg is the radius of the dust grain, and ρdg is the density of the dust grain. A
typical settling time-scale is around 105 yrs at 5 au. The agglomeration of dust grains
during this period of time occurs via direct collisions, and builds up centimetre-scale
particles.
Kilometre-sized planetesimals may be formed by further coagulation between
those centimetre sized particles (Safronov, 1972; Wetherill and Stewart, 1989). The
time-scale of this process might be similar to τset. On the other hand, Youdin
and Goodman (2005) suggested an alternative mechanism where planetesimals may
form via gravitational collapse of groups of larger particles, known as the streaming
instabilities (see also, Johansen et al., 2007).
The large planetesimals continue their growth towards protoplanets via direct col-
lisions and accretion of smaller background objects, where the factor of gravitational
focusing becomes important. A large planetesimal can gravitationally focus other
bodies towards it leading to a bigger collision cross-section than its physical cross-
section. By the conservation of energy and conservation of angular momentum, the
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where b is the impact parameter (also the effective radius of collision of the growing
protoplanet), Rpt is the physical radius of the protoplanet, vesc is the escape velocity
of the protoplanet, and vr is the relative velocity of the incoming object. This yields













where Mpt is the mass of the protoplanet, n is the number density, and mb is the
mass of the background object.
When the escape velocity is much larger than the background velocity dispersion,
vr  vesc, the protoplanet would be considered in the ‘runaway growth’ regime. The
protoplanet in this regime can grow very rapidly and dissociate from the background
mass distribution. The rate of change of the protoplanet mass during the runaway
growth is proportional to the mass with a power index of 4/3 (dMpt/dt ∝ M4/3pt
or ∝ R4pt), which indicates that the growth rate is larger when the mass is bigger
(runaway). Typically, the time-scale of runaway growth of a protoplanet is∼ 105 yrs.
This runaway growth would be slowed down when the protoplanet has consumed
most of the planetesimals within its reach or becomes massive enough to increase
the velocities of the background planetesimals. When the velocity dispersion of the
background planetesimals is comparable to the escape velocity, vr ' vesc, the radius
grows linearly with time (Rpt ∝ t). In the case where vr  vesc, gravitational
focusing factor is less important and this results in slow growth. This growth rate
is much slower than the runaway growth rate but still faster than the growth of
planetesimals. This regime is referred as ‘oligarchic growth’ (Kokubo and Ida, 1998).
The protoplanets can grow by accreting surrounding planetesimals until their
isolation mass is approached. The isolation mass, Miso, is given by
Miso = 4πrΣsKRHill,pt, (1.19)
where Σs is the surface density of the solid, K is a constant, and RHill,pt is the Hill
radius of the protoplanet at orbital distance r. This is obtained by the protoplanet
which has accreted all of the planetesimals within an annulus of width 2KRHill,pt
(the feeding zone). For a MMSN, the isolation mass in the Earth’s feeding zone
is around 6 lunar masses and roughly from a few to 10 Earth masses in Jupiter’s
feeding zone. The low isolation mass obtained suggests that the terrestrial planets in
the solar system did not stop their growth after accreting only planetesimals within
their feeding zones. Further evolutions can be caused by collisions and mergers
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between the protoplanets.
Besides the planetesimal accretion mechanism discussed above, recent studies pro-
posed that protoplanets can also grow by accretion of mm to cm-sized pebbles
(Johansen and Lacerda, 2010; Ormel and Klahr, 2010). In this pebble accretion
scenario, the drag force applied to the pebbles from the surrounding disc gas can
be important. When a pebble is inside the Hill/Bondi sphere of a protoplanet, the
pebble would spiral onto the protoplanet due to the loss of angular momentum via
the drag force (see also Lambrechts and Johansen, 2012; Morbidelli and Nesvorny,
2012; Ida et al., 2016; Visser and Ormel, 2016; Johansen and Lambrechts, 2017;
Liu and Ji, 2020). The growth of protoplanets under this mechanism is not limited
by the disc material within the feeding zone. Pebble accretion can continue until
there is a lack of disc gas around the protoplanets (e.g. gas disc dissipation or the
protoplanets are massive enough for a gap opening). Thus, the final mass of a proto-
planet depends more on the stellar and disc mass, instead of the local environment
of the disc in the planetesimal accretion mechanism. In general, the final core mass
obtained from pebble accretion is around 10 to 20 M⊕ for a Sun-like star.
1.4.3. Giant planet formation
The large amount of gas, mainly hydrogen and helium, contained in gas giants
implies that the giants must have formed within the protoplanetary disc lifetime,
which is around a few million years. Two scenarios for the formation process have
been proposed and studied extensively: the core accretion model (e.g. Perri and
Cameron, 1974; Mizuno et al., 1978; Bodenheimer and Pollack, 1986; Pollack et al.,
1996) and the gravitational instability model (e.g. Cameron, 1978; Boss, 1997).
Core accretion model
The core accretion model is the evolution process that continued after the rocky
core formation discussed in the previous section (section 1.4.2). When a rocky core
becomes massive enough, its strong gravitational potential can hold on to a bound
and significant gas envelope. The gas envelope accretion can be triggered when the
surface escape velocity of the evolving planet is larger than the local sound speed in
the protoplanetary disc. Initially, this gas accretion rate is very slow, but accelerates
with time.
For a massive core (& 3 M⊕), the gas accretion may lead to an envelope that
is massive enough, and no longer maintains hydrostatic equilibrium. It will then
undergo the Kelvin-Helmholtz contraction, followed by a stage of runaway gas ac-
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cretion. The runaway gas accretion can increase the planet envelope mass rapidly
and become dynamically significant to its planet-planet interactions. This rapid
process will be slowed down when the planet is massive enough to open a gap in the
protoplanetary disc, which reduces the rate of gas accretion.
For a low-mass rocky core, this gas accretion process is very gentle. The time-scale
for such a core to reach the runaway accretion regime would be longer than the disc
lifetime, resulting in an atmosphere that is dynamically insignificant.
The core accretion model hits an obstacle when explaining the formation of widely
separated giants. Direct imaging observations (section 1.2.3) pointed to a population
of giants which are orbiting far away from their hosts (& 10 au). At such orbital
distance, the growth of planet cores is not effective enough to form cores that can
follow the core accretion model to become giants. However, massive cores which are
greater than 10 M⊕ can still form in the later stages of the disc lifetime; those cores
would not be able to have enough time for gas accretion to reach the runaway gas
accretion phase. For such populations of giants, alternative models may be required
to explain the formation histories.
Gravitational instability model
Alternatively, a portion of giant planets might form under the gravitational instabil-
ity mechanism. The main idea of gravitational instability is from the fragmentation
of a protoplanetary disc. If the disc is very massive (comparable to the stellar mass),
it may be gravitationally unstable and lead to fragmentation. Under this circum-
stance, gravitational collapse of such fragments can lead to giant planet formation.
The condition for such instabilities to occur requires a small value of the Toomre





This is the essential requirement, but not a sufficient condition for fragmentation
to happen. For example, the instabilities can generate density waves (spiral arms)
that can heat up the disc, which increases the local sound speed as well as the
value of QT , and make fragmentation more difficult to happen. This suggests that
a relatively short cooling time is important for disc fragmentation to happen (e.g.
Gammie, 2001, suggested that the cooling time has to be . 3Ω−1).
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N -body simulations are a powerful tool to undertake studies of planetary system
evolution. Planetary N -body simulation codes offer a fast and reliable platform
to achieve accurate simulations of the orbital motions of bodies due to their grav-
itational interactions. For example, in the case of our Solar System, a 4.6 billion
years old and long-term stable system, these N -body algorithms can provide an
excellent prediction of its future. However, to study the history and the formation
process when the planetary system is young, when the protoplanetary disc still ex-
isted and/or giant impacts of protoplanets were common, the traditional N -body
algorithms would face difficulty providing a comprehensive simulation. To achieve a
more realistic simulation result, I adopted different physical models for the N -body
integration, including a realistic collision model and a protoplanetary disc model.
In this chapter I describe the general numerical model that I adopted in my N -body
simulations. The specific sets of physical models adopted in different studies are
presented in later chapters. Moreover, I describe the synthetic transit observation
technique which can provide synthetic transit surveys of planetary systems from
simulations, like a virtual Kepler telescope, in this chapter.
2.1. Collision model
Traditional N -body simulation codes, such as mercury (Chambers, 1999) and
symba (Duncan et al., 1998), assume all planet-planet collisions result in perfect
mergers (figure 2.1). It is a reasonable assumption for planet-planet collisions that
happen at large semimajor axis and low eccentricity, where the impact energy of the
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Figure 2.1.: Traditional perfect accretion in N -body simulations. All collision events
end up with perfect mergers.
collision event is low. For a close-in planetary system, the giant impacts can occur
at high eccentricity. The high impact energy can result in significant fragmentation
of the collided bodies. In such collision events, instead of considering only perfect
mergers, the collision outcome would be more diverse (figure 2.2). To achieve a more
practical simulation model, I implemented a ‘realistic’ prescription into the N -body
code to handle the collision outcome1. This realistic collision model is based on the
prescription of Leinhardt and Stewart (2012); I refer the reader to that paper for
the detailed description. In the following sections, I describe the collision condition
parameters that are relevant to my adopted collision model, and discuss the collision
outcomes that applied to my N -body simulation.
2.1.1. Collision parameters
For the two bodies involved in the collision, I refer to the more massive object as
the target and the less massive object as the projectile. The total mass involved
in the collision event is simply the sum of the mass of the two colliding bodies,
MTotal = M1 +M2, where subscripts 1 refer to the target and 2 refer to the projectile








where µ = (M1M2)/(M1 +M2) is the reduced mass, and Vimp is the relative impact
velocity.
1I wish to thank Alessandro Morbidelli and Seth Jacobson for providing their version of the
SYMBA N -body code, which included the prescriptions of defining the realistic collision regimes
(section 2.1.2) and collision debris generation (section 2.1.3).
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Figure 2.2.: Realistic accretion adopted in theN -body simulation. Different collision
conditions could end up with different collision outcomes.
The value of QR also indicates the specific impact energy for a head-on collision.
For an off-centre collision, a correction to QR is suggested by Leinhardt and Stewart
(2012). Figure 2.3 demonstrates a geometric illustration of an off-centre collision,
where θ is the impact angle, R1 is the radius of the target, R2 is the radius of the
projectile, and l is the projected length of the projectile overlapping the target. The
projected length can be calculated by
l =

RTotal(1− b), if b ≥
R1 −R2
RTotal
2R2, otherwise (entire projectile interacts)
(2.2)
where RTotal = R1 + R2 is the total radius, and b = sin θ is the impact parameter.
The part of the projectile which is outside the region of the projected length does
not directly intersect the target, different from a head-on collision. For an oblique
collision with a large impact angle, the collision is likely to be a grazing impact. The
critical impact parameter for a grazing impact is bcrit = R1/(R1 + R2), where this
critical value indicates that half of the projectile directly interacts with the target
(Asphaug, 2010).
For the off-centre collision correction, we have to consider not only the whole part
of the collision system, but also the part that is directly involved in the collision.
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Figure 2.3.: Geometric illustration of an off-centre collision and the definitions of
different collision parameters.
The total interacting mass is defined as Mα = M1 +αM2, where α is the fraction of
mass of the projectile that directly interacts with the target. Following the geometric














whereM2,interact is the mass of the projectile that is estimated to be directly involved
in the collision. The interacting reduced mass between the target and the interacting
part of the projectile can then be calculated by, µα = (αM1M2)/(M1 + αM2). Sim-
ilarly, the escape velocity of the whole collision system is Vesc =
√
2GMTotal/RTotal,






Following the prescription in Leinhardt and Stewart (2012) for the off-centre colli-
sion, the specific impact energy to disperse half the total mass in an oblique impact,




















where c∗ is a dimensionless material parameter which describes the disruption energy
of a head-on and equal-mass collision in terms of the gravitational binding energy, µ̄
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is the coupling parameter of the energy and momentum of the projectile (Holsapple







which is the radius of total mass in a body with density, ρ1 = 1 g cm−3 (Stewart and
Leinhardt, 2009). The hydrodynamic simulation results in Leinhardt and Stewart
(2012) give a best-fit value of c∗ = 5.0 and µ̄ = 0.37 in the small body regime
(RC1 . 0.5 R⊕), and c∗ = 1.9 and µ̄ = 0.36 in the planet size regime (RC1 > 0.5 R⊕).






This critical impact velocity can then be directly compared to the value of Vimp
obtained from the N -body simulation and distinguish the types of collision outcome.
In addition, there are some collision events that are considered in the ‘reverse
impact scenario’, where only a fraction of the target is directly involved in the
impact with the projectile. In the reverse case, the whole projectile is involved in the
collision (α = 1). The involved mass from the target,M †, yields the total interacting
mass, M †Total = M2 +M
†, and the reverse reduced mass, µ† = (M2M †)/(M2 +M †).







and the reverse radius of the total mass in the body with ρ1, R†C1, follows the
relation of RC1(MTotal) → R†C1(M
†
Total) (equation 2.6). This leads to the critical






















We can define different collision regimes by applying different values of the critical
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for the reverse impact scenario, where different collision regimes and outcomes are
discussed in the following section (section 2.1.2).
2.1.2. Collision outcomes
In all the collision events, the total mass before and after the collisions is always
conserved, and maintains the relation of
MTotal = MLR +MSLR +MT,d, (2.12)
where MLR is the mass of the post-collision’s largest remnant, MSLR is the second
largest remnant, andMT,d is the total mass of the debris particles that are generated
during the collision.
The collision outcomes of our adopted realistic collision model are defined in nine
different regimes: Perfect Merger, Super-catastrophic, Catastrophic, Erosion, Par-
tial Accretion, Hit-and-Spray, Hit-and-Run, Bounce, and Graze-and-Merge Regime.
Depending on the collision condition and the collision parameters that are obtained
in the previous section (section 2.1.1), each collision event would be assigned to one
of the nine regimes. Figure 2.4 shows the layout of the decision tree for the collision
algorithm adopted in the N -body simulation.
Perfect merger regime
This is the only regime that is assumed in the traditional N -body simulation. In
my collision model, collisions result in this regime when
Vimp < Vesc,α. (2.13)
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Figure 2.4.: Decision tree of the collision outcome that is adopted in the N -body
simulation.
As a result, a single body is formed with the total mass and momentum of the
original two collided bodies, where
MLR = MTotal; MSLR = 0; MT,d = 0. (2.14)
Super-catastrophic regime
This is the most energetic collision regime within all the possible outcomes in the
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where V ′sup is the critical impact velocity for super-catastrophic collision. The value









In this regime, the impact energy is so high that both the target and projectile break
into debris, as
MLR = 0; MSLR = 0; MT,d = MTotal. (2.17)
Catastrophic regime
The catastrophic regime is considered when
V ′cat 6 Vimp < V
′
sup, (2.18)










The high impact energy results in only one massive body remaining and the rest of








; MSLR = 0; MT,d = MTotal −MLR. (2.20)
Erosion regime
An erosion collision happens when
V ′ero 6 Vimp < V
′
cat, (2.21)
















In an erosion collision, the target is eroded by the projectile and loses some of its
mass, while the projectile is completely disrupted into a number of collision particles,
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; MSLR = 0; MT,d = MTotal −MLR. (2.23)
Partial accretion regime
Partial accretion happens when
b < bcrit and Vesc,α 6 Vimp < V ′ero. (2.24)
The impact energy is below the erosion threshold but above the perfect merger
threshold, and additionally has a low impact angle. The post-collision mass distri-
bution follows the relation stated in equation 2.23. In this regime, the target gains
some mass from the projectile and the remaining part of the projectile is completely
disrupted into collision debris.
Hit-and-spray regime
Hereafter, the collision models enter the high impact angle regime. The collision
condition for a hit-and-spray collision to happen is
b > bcrit and Vimp > V †cat, (2.25)












This collision allows the target to retain its mass, while the projectile is completely
disrupted into debris particles, following
MLR = M1; MSLR = 0; MT,d = M2. (2.27)
Hit-and-run regime
The impact condition for a hit-and-run collision is
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In the case of a hit-and-run collision, the target can retain its mass and the projectile
loses some of its mass in the form of collision debris, as









; MT,d = MTotal−MSLR−M1. (2.30)
Note that the hit-and-run regime defined here is different from the hit-and-run
collision that is considered in the studies by Kokubo and Genda (2010). The hit-
and-run collision in Kokubo and Genda (2010) has no mass lost in the form of
collision debris, and this type of collision is considered as ‘bounce collision’ in my
model.
Bounce regime
A bounce collision happens when
b > bcrit and Vhnr 6 Vimp < V †ero, (2.31)
where Vhnr is the threshold of a bounce collision. The value of Vhnr follows the




2 (1− b)C5 + C2Γ2 + C3 (1− b)C5 + C4
]
Vesc, (2.32)
where Γ = (M1−M2)/MTotal, and C1 to C5 are constants with the value of C1 = 2.43,
C2 = −0.0408, C3 = 1.86, C4 = 1.08, and C5 = 5/2. In the bounce collision regime,
no mass is lost in the form of debris and both bodies retain their masses:
MLR = M1; MSLR = M2; MT,d = 0. (2.33)
Graze-and-merge regime
A graze-and-merge collision happens when the impact velocity is low but the impact
angle is large:
b > bcrit and Vimp < Vhnr. (2.34)
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The collision outcome of this regime is similar to the perfect merger, as in equation
2.14; one object remains which contains all the mass of the two colliding bodies.
2.1.3. Collision debris
In my collision model, collision debris can be produced in a super-catastrophic,
catastrophic, erosion, partial accretion, hit-and-spray, or hit-and-run collision. With
the known total mass of the debris that is obtained in equations 2.17, 2.20, 2.23,
2.27, or 2.30, the parameters of the debris are allocated in terms of the total number
of particles, Nd, position vector, rd, and velocity vector, Vd.












, if MT,d > 0
0, otherwise
(2.35)
where Md,max and Md,min are the maximum and minimum mass of the debris, which
are tunable simulation parameters. If the value of Nd is not an even integer, it is
rounded-up to the nearest even integer. The total mass is then evenly distributed
to each debris particle.
The debris particles produced are evenly distributed in a circle on the plane of
impact, with their velocity vectors pointed away from the collision centre of mass
(figure 2.5). The positions of the debris are distributed according to
rd = rcom + εRHillr̂d, (2.36)
where rcom is the position vector of the collision centre of mass, r̂d is the position
unit vector with respect to the collision centre of mass, RHill is the Hill radius of the
collision system, and ε is a constant that can be adjusted to an appropriate value
for the simulation. Similarly, the velocity vector for the debris is
Vd = Vcom + εVescr̂d, (2.37)
where Vcom is the velocity vector of the collision centre of mass, and ε is a constant
that can be adjusted to an appropriate value for the simulation. In general, ε has
a value of ε > 1 to avoid quick re-accretion between the debris and the two largest
remnants.
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Figure 2.5.: Illustration of a realistic planet-planet collision. The two blue circles
are the colliding target and projectile, the green plane is the plane of
collision, and the grey circles are the collision debris produced. Collision
debris are located around a circle with radius εRHill (equation 2.36) on
the plane of collision (dashed line). The initial velocity of each debris
(grey arrows) has a value of εVesc (equation 2.37) with respect to the
collision centre of mass.
2.2. Protoplanetary disc model
To provide N -body simulations for planetary systems in an earlier phase, before
the protoplanetary disc has dissipated, I incorporated a disc model into the N -body
code on top of the realistic collision model. The basic physical model and numerical
methods are described in this section.
2.2.1. Initial disc profile
The two key initial parameters that are required in this disc model are the initial
surface density profile, Σinit (r), and the temperature profile, T (r), where r is the
distance from the centre object. We follow the power index for the minimum mass
solar nebula (MMSN: Hayashi, 1981) to set up our initial condition of the gas disc.
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The initial surface density profile is obtained by
Σinit (r) = Σinit (1au) r
−1.5, (2.38)
where Σinit (1au) is the initial surface density of the disc at the distance of 1 au. The
value of Σinit (1au) is adjustable for different situations. The temperature profile also
follows the power index of the MMSN and is calculated by
T (r) = T (1au) r−0.5, (2.39)
where T (1au) is the temperature of the disc at 1 au. In my disc model, the temper-
ature is assumed to retained for the whole simulation before the gas disc dissipated.
The value of Σinit (1au) is set as 1700 g cm−2 and T (1au) is equal to 280 K in the
studies contained in this thesis unless stated otherwise.
2.2.2. Viscous disc evolution
I use the α model for the kinematic viscosity in our viscous disc model, namely
the α-disc model. With the dimensionless viscosity parameter, α, the kinematic
viscosity is given by





by connecting cs, H, and Ω from equation 1.14. The value of α is set as 1× 10−3 in
the studies contained in this thesis unless stated otherwise.
A 1-dimensional disc evolution is adopted in the simulation model. The funda-
mental equation that governs the disc evolution, similar to equation 1.15, follows





















where Λ is the injection rate of angular momentum per unit mass by tidal interaction
with the protoplanets in the disc (equation 5.3, see also Lin and Papaloizou, 1986).
The extra term including Λ on the right of equation 2.41 represents the angular
momentum exchange from the protoplanets that acted on the disc. For a protoplanet
which is massive enough, this tidal interaction term would result in a gap opening
in the disc model (e.g. equation 5.4).
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Finite Difference Equations
To numerically solve the diffusion equation that governs the disc surface density
evolution (equation 2.41), a finite differencing scheme is applied. The numerical








where rin is the inner boundary of the disc, rout is the outer boundary of the disc,
and i denotes the i-th grid cell out of n total grid cells. The radial profile adopted
allows a high resolution in the inner region of the disc, and can benefit the studies
that focused on the close-in planetary systems.
The centred finite difference expression for the viscous term, νΣr1/2, in equation


















where ∆ri is the physical width of the i-th grid cell. Analogous to the first derivative,





























The finite difference expression for the planet-disc interaction term, ΛΣr3/2, is ex-
pressed in either forward or backward difference, which depends on the local radial






























where vrad is the local velocity of the disc material travelling in the radial direction














at the radial distance r. This approach was found to improve the stability of the
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integration.
Inserting the finite difference of the viscous and planet-disc interaction terms
(equation 2.43, 2.44, and 2.45) to the diffusion equation of the disc surface density
(equation 2.41), the local surface density of the next time step, Σt+1, is calculated
by


























where Σt is the surface density at the current time step, and ∆t is the size of the disc
time step. The value of ∆t is taken to be ∆t = 0.1 ×min (∆ri/vrad), which avoids
disc material travelling through more than one grid cell radially within a single time
step. In general, the disc time step differs from the N -body time step, where a
reasonable N -body time step is set to be 1/20th of the shortest orbital period of the
protoplanets in the system (Duncan et al., 1998).
In a realistic situation, the protplanetary disc might not only be governed by the
viscous evolution and planet-disc interaction, but also by other physical processes,
such as photoevaporation that is induced by ultraviolet radiation absorption by the
disc. If the additional evolutionary equation of the surface density, ∂Σadd/∂t, is













and can be solved numerically by













In the numerical method described above, which is applied to solve the disc diffusion
equation, the finite difference cannot provide solutions at the boundary. For the
outer boundary, I assumed a ‘zero-velocity’ condition, where the radial velocity at
the outer edge of the disc is 0. This assumption means no extra material is added










The surface density for the innermost grid cell can be calculated by the net move-
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ment of the disc material. The assumption for this calculation is based on the notion
that the material added to the innermost grid cell must only come from the second-
innermost grid cell, and the material displaced from the inner edge of the disc is
accreted into the central star. Under this assumption, the surface density evolution
of the innermost grid cell is given by




















The first term inside the bracket of equation 2.51 represents the material moved
into the innermost grid cell from the second-innermost grid cell, and the second
term represent the material accreted into the central star from the innermost cell.
2.2.3. Planet evolution
For an object orbiting in the disc environment, the interaction between the object
and the disc is important. The planet-to-disc interaction, such as the angular mo-
mentum exchange term (equation 5.3), is discussed in the later section. On the
other hand, the disc-to-planet interaction is also taken into account, including the
gravitational interaction and the evolution of the planetary structure.
The gravitational interaction between the disc and the orbiting object will induce
a perturbation on the orbit of the body. The interaction results in a near-circular
orbit for the object, due to eccentricity damping (e.g. Goldreich and Tremaine, 1980;
Artymowicz, 1993). Meanwhile, inclination damping from the disc would result in
the orbital plane of the body tending to the mid-plane of the disc. Following the





= −2(v · r)r
ter2
− 2(v · z)z
tiz2
, (2.53)
where v is the velocity vector of the body, r is the position vector of the body on
the disc plane, z is the position vector of the body perpendicular to the disc plane,
te is the damping time-scale of the eccentricity, and ti is the damping time-scale of
the inclination.
For a body with mass below the gap opening criterion, eccentricity and inclination
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damping are induced by the excitation of the density waves (e.g. Ward, 1988; Tanaka
et al., 2002), including in regions close to the planet, which is not applicable for a
body that has opened a gap in the disc. In the studies included in this thesis, the
damping time-scale for a gap opening object is set to be 20 local orbital periods for
both te and ti unless stated otherwise.
The planet formation model applied in my simulation is an in situ model, and
planetary migration such as type I and type II migration, which causes large scale
changes of the orbital semimajor axis, is not considered. More details of the damping
mechanism included in the simulation model will be presented in section 5.2.2.
According to the core accretion model (section 1.4.3), a massive protoplanet in the
disc can accrete a gas envelope from the surrounding gas. A gas envelope accretion
mechanism is also included my simulation model, and it will be discussed in detail
in section 5.2.3.
2.3. Synthetic transit observation
Transit surveys have discovered many of the planetary systems with high multiplic-
ities (section 1.2.2). However, it is very likely that any transit survey could not
detect all the planets that constitute the systems. The relative number of one to
eight-planet systems discovered via transit detections are highly dependent on both
the intrinsic multiplicities of the systems, and the mutual orbital inclinations of
the systems. Therefore, conducting synthetic transit observations of the simulated
planetary systems would allow us to build up a synthetic dataset, which would be
meaningful to compare to the actual transit data, such as the one carried out by
Kepler (section 1.3.2).
2.3.1. Near-circular orbits
Most of the transiting planets in multiplanetary systems have near-circular orbits
(section 1.3.2), and assuming a circular orbit can still provide a good estimation to
the Kepler statistical properties (Moorhead et al., 2011). The benefit of assuming
a circular orbit is that the transit determination only depends on the orbital plane
and the orbital radius, instead of the argument of periapsis.
The orbital plane of the planet can be defined by the angular momentum in the
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 sin I sin Ω− sin I cos Ω
cos I
 , (2.54)
where ĥ is the unit vector of the angular momentum, ĥx-ĥy-ĥz are the x-y-z com-
ponents of ĥ in Cartesian coordinates, I is the inclination of the planetary orbital
plane, and Ω is the longitude of ascending node of the orbital plane. In the N -
body simulations, the planetary evolution always follow a fixed reference direction.
To adopt different viewing angles to the simulated systems, a coordinate transfor-
mation between the viewing position and the system reference plane is applied to
every synthetic observation. The system reference plane is defined by the innermost
planet, where I introduce a new set of reference Cartesian coordinate in the x′-y′-z′









where Rx(I) and Rz(Ω) are the 3× 3 rotation matrices along the x-axis and z-axis
respectively with elements
Rx(I) =
1 0 00 cos I − sin I




cos Ω − sin Ω 0sin Ω cos Ω 0
0 0 1
 . (2.57)
With the known values of the orbital radius and orbital plane from the simulation,
and assuming a circular orbit, the orbit of the planet is fixed. In geometry, a circle
in a 3-dimensional space projects on a 2-dimensional plane as an ellipse. Equally, a
circular orbit can be projected on different reference planes in the form of an ellipse.
The semi-major axis of the projected ellipse has the same value as the circular orbit
radius a. Meanwhile, the point of the projected semi-minor axis is always the point
to the nearest star surface (in the 2-dimensional plane). From the direction of the
angular momentum, we are able to get the relationship to the projected semi-minor
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Figure 2.6.: Rotation of axes between the viewing position (x-y-z) and the system
reference plane (x′-y′-z′). On the left is the rotation by Rx(I) where the
coordinate system rotate along the x-axis by angle I, and on the right









Figure 2.7.: Geometic demonstration of the definition of the angle of angular mo-
mentum, ξ, to the x-axis (observing direction).
axis, bp. In figure 2.7, the length of line OP is 1, and has the same direction as ĥ,
where Pxy is the projection of P on the x-y plane and Px is the projection of Pxy
on the x-axis. ξ is defined as the angle between the observer’s line of sight (along
the x-axis) and angular momentum (marked as ∠POPx in figure 2.7). A simple











= sin I sin Ω, (2.58)
where ĥx = sin I sin Ω from equation 2.54.
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The value of ξ is calculated by equation 2.58 and the length of bp can be found by
bp = |a cos ξ|. (2.59)
The occurrence of a transit event observed by the synthetic observation can simply
be determined by comparing the radius of the star, R?, and bp. I consider the orbit to
be a transiting orbit when the semi-minor axis of the projected ellipse is overlapping
the star. The orbit is transiting the star when
bp ≤ R?. (2.60)
2.3.2. Eccentric orbits
In some cases, when the orbits of the planets are eccentric, the synthetic obser-
vation method that is mentioned in the previous section (section 2.3.1) could not
provide good accuracy. In an eccentric orbit, the argument of periapsis, ω, is also
an important factor to determine the occurrence of the transit orbit.
Instead of the angular momentum, it is more convenient to operate directly on the
orbital plane for an eccentric orbit, because of the changing distance between the
orbital focus and the planet throughout an orbit. The coordinate transformation of
the orbit is governed by (Murray and Dermott, 1999):
p̂ =
cos Ω cos (ω + f)− sin Ω sin (ω + f) cos Isin Ω cos (ω + f) + cos Ω sin (ω + f) cos I
sin (ω + f) sin I
 , (2.61)












and E is the eccentric anomaly. p̂ is different throughout the whole orbit and needs
to be calculated individually for different values of E, where 0 ≤ E < 2π.
Next, by comparing p̂ to a randomly chosen observation direction, ô, we can
define an observation parameter, δmin, where
δmin = min (|p̂− ô|) . (2.63)
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Similar to equations 2.59 and 2.60, the orbit transits the star when
r sin δmin 6 R?, (2.64)
where r = a(1− e cosE) is the distance between the planet and the orbital focus at
a given position E.
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— 王菀之, 林夕 〈我來自火星〉
This chapter mainly follows the material that is contained in Poon et al. (2020).
The title of this publication is ‘Formation of compact systems of super-Earths via
dynamical instabilities and giant impacts ’, and it was published in volume 491 of
the Monthly Notices of the Royal Astronomical Society.
NASA’s Kepler mission discovered ∼ 700 planets in multiplanet systems con-
taining three or more transiting bodies, many of which are super-Earths and sub-
Neptunes in compact configurations whose origins are not yet understood. Using
N -body simulations, we examine the in situ, final stage assembly of multiplanet
systems via the collisional accretion of protoplanets. Our initial conditions are con-
structed using a subset of the Kepler five-planet systems as templates, and apply to
the epoch after gas disc dispersal. Two different prescriptions for treating planetary
collisions are adopted. The simulations address numerous questions: Do the results
depend on the accretion prescription?; do the resulting systems resemble the Kepler
systems, and do they reproduce the observed distribution of planetary multiplici-
ties when synthetically observed?; do collisions lead to significant modification of
protoplanet compositions, or to stripping of gaseous envelopes?; do the eccentricity
distributions agree with those inferred for the Kepler planets?
We find that the accretion prescription is unimportant in determining the out-
65
3. Compact super-Earths systems formation
comes. The final planetary systems look broadly similar to the Kepler templates
adopted, but the observed distributions of planetary multiplicities or eccentricities
are not reproduced, because scattering does not excite the systems sufficiently. In
addition, we find that ∼ 1 per cent of our final systems contain a co-orbital planet
pair in horseshoe or tadpole orbits. Post-processing the collision outcomes suggests
that they would not significantly change the ice fractions of initially ice-rich pro-
toplanets, but significant stripping of gaseous atmospheres appears likely. Hence,
it may be difficult to reconcile the observation that many low mass Kepler planets
have H/He envelopes with an in situ formation scenario that involves giant impacts
after dispersal of the gas disc.
3.1. Introduction
The Kepler mission discovered 4723 exoplanet candidates, of which 2302 have been
confirmed as bona fide transiting planets (Borucki et al., 2010, 2011; Batalha et al.,
2013; Burke et al., 2014; Rowe et al., 2015; Mullally et al., 2015; Coughlin et al.,
2016; Thompson et al., 2018). More than 70% of Kepler planets have radii 1 R⊕ ≤
Rp ≤ 4 R⊕, such that super-Earths and sub-Neptunes make up a large fraction of
the known exoplanet population1. A significant number of these planets are found
in compact multiplanet systems, such as the 6-planet system Kepler-11 (Lissauer
et al., 2011a) and the 5-planet system Kepler-84 (Rowe et al., 2014). The highest
multiplicity system detected by Kepler where all planets are confirmed is Kepler-90,
with eight planets transiting its host star (Shallue and Vanderburg, 2018). Analyses
of the Kepler data to determine occurrence rates of planets shows that systems of
Earths and super-Earths with orbital periods < 100 days are common around Solar-
type stars (e.g. Fressin et al., 2013; Petigura et al., 2013). A recent analysis suggests
that the mean multiplicity of super-Earth systems with periods < 100 days is ∼ 3,
approximately 1/3 of Sun-like stars host compact planetary systems, and the mean
number of planets per star is ∼ 1 (Zhu et al., 2018).
The relative numbers of 1- to 8-planet systems discovered via transit detections
are dependent on both the intrinsic multiplicities of the systems, and the mutual or-
bital inclinations of the planets that comprise the systems. In this work, we examine
whether or not a simple model of the in situ, final stage assembly of planetary sys-
tems, involving dynamical instabilities and accretion through giant impacts among a
large population of protoplanets after the gaseous protoplanetary disc has dispersed,
1All Kepler planetary data used in this chapter are from NASA Exoplanet Archive unless stated
otherwise.
66
3. Compact super-Earths systems formation
is consistent with the Kepler observations.
Previous N -body simulations have considered the formation of compact systems
of planets from an earlier stage than we consider here, and include the influence
of the protoplanetary disc and subsequent disc-planet interactions (e.g. Terquem
and Papaloizou, 2007; Hellary and Nelson, 2012; Coleman and Nelson, 2014; Cossou
et al., 2014; Coleman and Nelson, 2016b). One feature of these simulations is that
chains of short period planets in mean motion resonances are a common outcome,
contrary to what is observed in the Kepler planet population. More recent work,
however, has indicated that these resonant chains can become dynamically unstable
once the gas disc has dispersed, such that the final stages of planetary assembly
involve mutual scattering and collisions between planets (Matsumoto et al., 2012;
Izidoro et al., 2017, 2019; Carrera et al., 2019). In addition to breaking the resonant
chains, the gravitational scattering also raises the mutual inclinations and eccentric-
ities, and allows under some circumstances for the simulations to produce planetary
system multiplicities that are reported to be in agreement with the Kepler data.
In contrast to the migration-driven formation scenario described above, there
have also been N -body studies of in situ formation in a gas free environment (e.g.
Hansen and Murray, 2012; Moriarty and Ballard, 2016; Matsumoto and Kokubo,
2017). Here, the initial conditions consist of numerous protoplanets arranged in an
annulus that undergo mutual scatterings and collisions on the way to assembling
the final systems. While these calculations are in some ways similar to the final
stages of the migration-driven scenarios when the break-up of the resonant chains
occurs, they differ in some important respects. For example, the planets do not
start in resonance, and the numbers of bodies involved in the collisional evolution is
significantly larger. Hence, the number of collisions experienced by a typical planet
is also larger during the evolution.
Our approach in this chapter is similar to that used in the aforementioned in situ
models, except we use a subset of the Kepler 5-planet systems as templates when
constructing the initial conditions of the N -body simulations. We reconstruct the
surface density distributions of the chosen planetary systems, and use this to define
initial conditions consisting of numerous orbiting protoplanets. The approach is
therefore similar to the construction of a minimum mass exoplanet nebula model
proposed by Chiang and Laughlin (2013). The protoplanet systems are then evolved
for 107 yr in a gas-free environment. For each of the planetary systems we consider,
we perform two sets of simulations. One uses a traditional hit-and-stick accretion
prescription when collisions occur, and the other uses a more complex accretion
prescription based on hydrodynamical simulations of colliding bodies (Leinhardt
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and Stewart, 2012). Hence, we are able to examine the influence of the accretion
prescription on the outcomes of the simulations, similar to the recent study by
Mustill et al. (2018).
Adopting a more complex collision model also allows us to track the impact en-
ergy during collisions, and we use this information to examine possible composition
changes that the planets could potentially experience through the removal of volatile
components. Using the relations between the collision energy and the final water
content of the largest remnant after differentiated bodies composed of rock and water
have collided (Stewart and Leinhardt, 2009; Marcus et al., 2010), we determine how
much water could be removed from the planets during their collisional evolution.
Although some individual collisions would likely lead to significant compositional
changes, taken as a whole our results indicate that the compositions of water-rich
super-Earths would not change significantly, if their final stages of evolution were
similar to those occurring in the simulations. A similar analysis was also used to ex-
amine whether or not the impact energies during collisions could potentially remove
putative H/He envelopes from the planets, by the conversion of impact energy into
heat energy in the cores (Biersteker and Schlichting, 2019), and here we find that
very significant erosion of gaseous envelopes should be expected.
The rest of this chapter is structured as follow. In section 3.2 we describe the
simulation methods and the set-up of the initial conditions. In section 3.3 we present
the main outcomes of our simulations, and in section 3.4 we examine the formation
pathways of the co-orbital planets that arise in the simulations. In section 3.5 we
post-process the simulation data and examine the changes to compositions that
might arise during collisions, and in section 3.6 we examine the stripping of gaseous
envelopes that might arise. In section 3.7, we discuss the results from synthetic
observation of the final simulated systems, and examine in particular the distribution
of system multiplicities and eccentricities that arises. Finally, we discuss our results
and draw conclusions in section 3.8.
3.2. N -body simulation methods
We use the N -body codes mercury (Chambers, 1999) and symba (Duncan et al.,
1998) to undertake the simulations presented in this chapter. Both codes use the
Mixed Variable Symplectic (MVS) integration scheme (Wisdom and Holman, 1991),
but whereas mercury handles close encounters by transitioning to a Bulirsch-Stoer
method (Press et al., 1992), symba uses the Regularized MVS scheme (Levison
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and Duncan, 1994). More importantly for the work presented here, the versions
of the two codes we employ handle collisions differently. mercury uses a simple
hit-and-stick algorithm that conserves the total mass and linear momentum when
two bodies collide and accrete into a single object, whereas our version of symba
adopts the imperfect accretion algorithm from Leinhardt and Stewart (2012), which
we describe below.
3.2.1. Imperfect collision model
For a detailed description of the Leinhardt and Stewart (2012) collision model we
refer the reader to that paper (and section 2.1), and here we simply summarise the
post-collision outcomes that are generated by it, along with a few salient details
about the implementation. We note that the collision model was implemented in
symba by the authors. We refer to the more massive body involved in the collision
as the target, and the less massive object as the projectile. The range of outcomes
includes the following: a perfect merger where a single body is formed with the
total mass and momentum of the original two bodies; a single massive body remains
whose (largest-remnant) mass is denoted MLR, along with collisional debris in the
form of low mass ‘super-planetesimals’ (gravitating particles that are not mutually
interacting); two massive bodies remain with masses MLR and MSLR (mass of the
second largest remnant), along with collision debris in the form of low mass ‘super-
particles’; no massive bodies remain and all the mass is in the form of collision debris
represented by low mass ‘super-planetesimals’. The following notation is used in the
description below: Vimp is the impact velocity; Vesc is the escape velocity from the
colliding bodies (or, more accurately, from the combined target mass and interacting
mass of the projectile); QR is the impact energy; Q∗RD is the catastrophic disruption
energy, which by definition corresponds to the impact energy when the mass of
the largest remnant contains half of the total mass of the colliding bodies; bcrit is
the critical impact parameter that determines whether or not a collision is grazing
(b ≥ bcrit) or non-grazing (b < bcrit). The collision algorithm consists of a decision
tree with the following possible outcomes (section 2.1.2 and figure 2.4):
• When Vimp < Vesc we have a perfect merger
• When Vimp exceeds the threshold for super-catastrophic disruption, both col-
liding bodies are destroyed and only collisional debris remains
• When Vimp exceeds the threshold for catastrophic disruption or erosion, only
one massive body remains and the rest of the mass is in the form of collisional
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debris. Here, MLR, the mass of the largest post-collision remnant, depends on
QR and Q∗RD.
• If Vimp is smaller than the threshold for erosion and b < bcrit, then we have
partial accretion where the target body gains mass from the projectile, which
is itself completely disrupted into a number of low mass ‘super-planetesimals’.
MLR again depends on QR and Q∗RD
• For b ≥ bcrit, in descending order of the impact velocities, we have the following
outcomes that all preserve the mass of the target object and modify the mass
of the projectile: hit-and-spray, where the projectile is completely disrupted
into debris particles; hit-and-run, where the projectile mass is reduced and
the remaining mass goes into debris particles; bouncing collision, where the
projectile retains all of its mass and the collision is treated as an inelastic
bounce; graze-and-merge collision, where a single body forms containing all
the mass of the colliding objects.
The total mass before and after a collision, MTotal, is conserved, which means the
total mass of the post-collision bodies obey the relation
MT,d = MTotal − (MLR +MSLR), (3.1)
where MT,d is the total mass in debris after the collision. The number of debris












, if MT,d > 0
0, otherwise
(3.2)
where MCeres is the mass of Ceres (∼ 1.5×10−4M⊕). If the values ofMT,d/10.0MCeres
and MT,d/0.1MCeres are not even integers, they are rounded-up to the nearest even
integers. With the known value of MT,d and Nd, the mass is evenly distributed to
each debris particle.
If debris particles are formed after a collision, they are evenly distributed in a circle
on the plane of impact at a distance of one Hill radius (RHill) from the collision centre
of mass according to
rd = rcom +RHillr̂d, (3.3)
where rd is the initial position vector of the debris particles, rcom is the position
vector of the collision centre of mass, and r̂d is the position unit vector for the
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evenly distributed debris with respect to the collision centre of mass. The velocities
of the debris particles are simply assumed to be 5% larger than Vesc:
Vd = Vcom + 1.05× Vescr̂d, (3.4)
where Vd and Vcom are the initial velocity vector for the debris and the collision
centre of mass velocity vector.
The accumulated effect of high energy collisions can lead to the creation of col-
lisional debris in the form of thousands of ‘super-planetesimals’. These particles
normally get reaccreted by the protoplanets during the simulations, but if, for ex-
ample, a super-catastrophic collision occurs at the inner edge of our system, then
a ring of planetesimals can form which have exceedingly long dynamical life times.
This then causes the simulation run times to increase appreciably. To ameliorate
this situation, we have introduced a scheme for removing such a ring of particles
when it forms. This is motivated by the fact that the collision time in the ring
is normally very short, and collisions between the planetesimals would be highly
destructive, such that they would be ground down to dust which would then be
removed by radiation pressure and/or Poynting-Robertson drag. The scheme cal-
culates the collision time and reduces the masses of the planetesimals on that time
scale, until the mass in the ring is negligible and the particles can be removed from
the simulation. A more detailed description is given in appendix A.1.
3.2.2. Kepler multi-planet system templates
In this study we have selected a number of Kepler 5-planet multi-planet systems to
provide templates for the initial conditions of the simulations, using the following
criteria. We are interested in the compact systems, so we have chosen systems
in which the known outermost planet has semi-major axis ≤ 0.5 au. We have
selected those Kepler systems where all five of the known planets are transiting. For
example, the Kepler-122 system is not included due to one of its planets, Kepler-
122f, being discovered by transit timing variations (TTVs) (Hadden and Lithwick,
2014). When we began this project, Kepler-80 was listed as a 5-planet system
(MacDonald et al., 2016), but more recently it has been confirmed as a 6-planet
system using deep learning by Shallue and Vanderburg (2018). In spite of this
recent announcement, we include this system using the five planets known before
2018. Kepler-296 is a binary system with two stars, Kepler-296A and -296B, that
have a projected separation of ∼ 70 au (Barclay et al., 2015). All five planets are
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orbiting the same star (Kepler-296A). Given that the outermost planet, Kepler-
296Af, orbits at ∼ 0.255 au, which is only ∼ 0.36 % of the binary stars separation,
the binary should have little influence on the dynamic stability and evolution of the
planetary system (Wiegert and Holman, 1997), and hence we include this system.
As described below, we use the Kepler systems to construct individual mass sur-
face density profiles, which are then used to produce initial conditions for the sim-
ulations consisting of 20 protoplanets. We impose selection criteria on these initial
conditions that include a requirement that the inter-protoplanet separation is not
too small or too large (i.e. 5 ≤ K ≤ 30), where K is the inter-protoplanet separation
measured in units of the mutual Hill radius. This avoids the evolution being domi-
nated by collisions that occur at very early times before dynamical relaxation of the
systems has had an opportunity to arise, or the converse where no collisions happen
at all. Finally, we require the maximum value of the initial protoplanet mass to be
Mp < 6 M⊕. After applying these criteria, eight systems were selected to be the
templates. As listed in table 3.1, these are Kepler-55, -80, -84, -102, -154, -169, -292
and -296.
3.2.3. Surface density profiles from Kepler systems
In order to construct surface density profiles from the chosen Kepler systems, we
need to know the semi-major axes and masses of the planets, which are not provided








where P is the measured planetary period and M? is the mass of the host star. Nu-
merous suggested relations between the observed planet radius, Rp, and the planet
mass, Mp, have appeared in the literature. In this study, we adopt the relation







We also considered the relation suggested by Wolfgang et al. (2016) (which is the
best-fit relation for the sample of RV-measured transiting sub-Neptunes with 1.5 <
Rp < 4 R⊕). As discussed later in Section 3.3.1, however, we find that obtaining
Mp from Rp using this relation results in some of the selected Kepler systems being
themselves dynamically unstable on relatively short time scales, hence we did not
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adopt this mass-radius relation in this study.





In order to simplify the collision model for a given simulation, we adjusted the ρp
values within each individual system to be the same for different planets, obviating
us from having to deal with collision outcomes involving planets with significantly
different densities. We did this by constructing a mass weighted average of the






To find the surface density profile for the original Kepler system, we first define
an annulus surrounding each planet. Figure 3.1 shows an example planetary system
and the annuli associated with each planet, where each annulus is defined by its
inner and outer radius. For a general planet i, these are denoted as Ri and Ri+1.
Here, Ri is taken to be the midpoint between the semi-major axis of the planet, ai,





The innermost boundary is located at






and when the planetary system has n planets, the outermost boundary, Rn+1, is at












and the surface density of the annulus can be calculated using Mp,i (the mass of
the planet contained in the annulus obtained from equation 3.6) and Ai from equa-
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Figure 3.1.: Diagram illustrating method for calculating Σfit, the surface density of






This gives the surface density at discrete radial locations around each star, and to
obtain the surface density as a continuous function we simply fit the five Σi values
with a smooth function. A 4-th order polynomial can always be found that passes
through 5 real data points, but this approach has not been used here because it
often gives negative values of Σ at some locations. Instead, we have fitted the Σi




c2 + c3 (3.14a)
c1a
3 + c2a
2 + c3a+ c4 (3.14b)
c1 exp(c2a) + c3 (3.14c)
c1 + c2 cos(c4a) + c2 sin(c4a), (3.14d)
where Σfit(a) is the fitted surface density profile as a function of semi-major axis a,
equation (3.14a) is the power fitting model; (3.14b) is the polynomial fitting model;
(3.14c) is the exponential fitting model; (3.14d) is the Fourier series fitting model.
The ci’s are the fitting coefficients. The selection criteria for which model to choose
are: 1) the model that provides the best least-squares fit among all models; 2) no
negative values between Σfit(a = R1) and Σfit(a = Rn). Appendix A.2 provides
additional details about the coefficients used to obtain Σfit in this study.
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3.2.4. Constructing initial conditions for the simulations
The motivation behind this study is to determine whether or not dynamical in-
stabilities and giant impacts among a large population of protoplanets can lead to
final planetary systems that are similar to the compact Kepler multi-planet systems.
The initial conditions of the N -body simulations consist of 20 protoplanets that are
constructed from the Σfit obtained for each of the Kepler systems.
First we assume the semi-major axes of the new protoplanets are distributed
following a power law, which is achieved by defining 20 new annuli with appropriate
boundaries. The radius of the innermost boundary R1 and outermost boundary
Rn+1 always remain at the same position as the original Kepler system. The radius
of the i-th boundary in between R1 and Rn+1 can be calculated by
Ri+1 = f ×Ri, (3.15)






Once the Ri are obtained from equation 3.15, the semi-major axis of the i-th pro-
toplanet, ai, is set at the mid-point between Ri and Ri+1. The mass, Mp,i, of the
protoplanet in position ai is calculated according to
Mp,i = 2πRi (Ri+1 −Ri) Σfit(ai). (3.17)
Using this process to find theMp,i values may result in a system with total mass that
differs from the original Kepler system, in which case the mass of each protoplanet
is scaled appropriately. Figure 3.2 shows the masses of the initial 20 protoplanets
with respect to their semi-major axis for each system template. We also assumed
the density of the protoplanets are ρp = 〈ρp〉 throughout the whole system. With
the new value of ρp and Mp, the planetary radii, Rp, adopted in the simulations can
be obtained from equation 3.7.
The initial eccentricities, e, inclinations, I, arguments of pericentre, ω, longitudes
of ascending node, Ω, and mean anomalies, M , also need to be defined when set-
ting the initial conditions of the simulations. The values of e and I are uniformly
distributed within a range 0 ≤ e ≤ emax and 0 ≤ I ≤ Imax, where emax and Imax are
defined below. The values of ω, Ω, and M are distributed uniformly in the range
0 ≤ (ω,Ω,M) ≤ 2π.
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Figure 3.2.: Mp versus a for all 8 Kepler templates. Initial masses of the 20 proto-
planets are marked in blue dots, and the original Kepler planet masses
are marked in black circles.
Two sets of emax and Imax values are used here to investigate the effect of the initial
eccentricities and inclinations. The first (higher initial value) set has emax = 0.02
and Imax = 0.01 rad, while the second (lower initial value) set has emax = 0.002
and Imax = 0.001 rad. In each emax-Imax set, 10 simulations were run, with different
random number seeds being used to generate the values of ω, Ω, and M . Hereafter,
the ‘higher set’ refers to the runs with (emax, Imax)=(0.02, 0.01), and ‘lower set’ refers
to the runs with (emax, Imax)=(0.002, 0.001). Each higher and lower set was run
using both perfect and imperfect collision models using the mercury and symba
N -body codes, respectively. Hence, there are 40 simulations for each Kepler system
template.
The central bodies of each system have their masses and radii taken from the
Kepler data. Each simulation runs for 107 yr. The time steps used in the simulations
are set to be 1/20th of the shortest orbital period (Duncan et al., 1998).
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Table 3.1.: K-values of the selected Kepler 5-planet systems. K1 to K4 denote the
K-value from the 1st to 4th pair of adjacent planets, respectively, where
the 1st pair is the innermost pair and 4th pair is the outermost pair
(penultimate and outermost planet). K̄ denotes the arithmetic mean of
K for the system. Underlined values are the minimum K values in the
system, Kmin. The minimum Kmin in the table is 7.2, which is greater
than the Kmin = 7.1 required to give 100% stable rates in a 5-planet
system for up to 106 years from Wu et al. (2018).
System K1 K2 K3 K4 K̄
Kepler-55 23.9 25.6 26.7 10.3 21.6
Kepler-80 41.2 14.5 11.4 7.2 18.6
Kepler-84 24.6 11.6 21.0 13.9 17.8
Kepler-102 22.1 19.4 14.8 18.0 18.6
Kepler-154 34.5 17.4 10.9 16.4 19.8
Kepler-169 29.2 12.4 16.8 45.3 26.0
Kepler-292 15.1 20.0 14.4 14.9 16.1
Kepler-296 17.2 16.2 14.8 18.0 16.5
As discussed above in Section 3.2.2, one of the criteria used to constrain our initial
conditions is that the mutual separation between neighbouring protoplanets must
satisfy 5 ≤ K ≤ 30, where K is the inter-protoplanet separation measured in units
















where Ki is the K-value for the i-th pair of adjacent planets in the system.
For a Kepler planetary system, applying the value of a obtained from equation 3.5,
Mp from equation 3.6, andM? from the Kepler data, K can be directly calculated by
equation 3.19. For the selected Kepler planetary systems in this study (see section
3.2.2), the Ki values for each planet pair and mean K value of each system, K̄, are
listed in table 3.1. The overall mean K value across all selected systems has the
value 〈K̄〉 ≈ 19.4. This value is about the same as the typical average K value for
Kepler multiplanetary systems (see Section 3.1)
Finally, we comment that the initial conditions of the simulations presented in
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Figure 3.3.: The normalised distributions (top panel) and the cumulative distribu-
tion functions (CDFs, bottom panel) of the semi-major axes, eccentric-
ities, inclinations, and planet masses of the planets obtained in all sim-
ulations. Perfect collision simulations are shown in blue, and imperfect
collision simulations are shown in yellow.
this chapter represent the state of the system after substantial evolution has al-
ready taken place, and once the gaseous protoplanetary disc has been dispersed.
For discussion of possible scenarios leading to these initial conditions, involving the
accretion of planetesimals, boulders and/or pebbles onto planetary embryos embed-
ded within the gas disc, we refer the reader to the following papers that present the
results of N -body simulations of these earlier epochs of planet formation (Coleman
and Nelson, 2014, 2016b; Lambrechts et al., 2019; Izidoro et al., 2019).
3.3. Results
3.3.1. Stability of the original Kepler multi-planet systems
Before embarking on a study of the formation of the Kepler systems considered
in this chapter, we begin by considering the dynamical stability of the observed
systems themselves. This acts as a consistency check on the mass-radius relation
used to construct the initial conditions for the formation simulations, given by equa-
tion (3.6) (Lissauer et al., 2011b). Since the first multiplanet systems discovered by
Kepler were confirmed, a number of mass-radius relations have been suggested. For
example, Wu and Lithwick (2013) suggested Mp = 3M⊕(Rp/R⊕), Weiss and Marcy
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(2014) suggested Mp = 2.69M⊕(Rp/R⊕)0.93, and Wolfgang et al. (2016) suggested
Mp = 2.7M⊕(Rp/R⊕)
1.3. Clearly, given that the masses obtained from each of these
relations vary for specific values of the planetary radii, stability of the confirmed
system is not guaranteed to hold under all these relations. Checking the stability
hence provides some constraint on the mass-radius relation that applies.
We carried out a stability check for all Kepler 5-planet systems, including those
which do not obey the selection criteria mentioned in Section 3.2.2, comparing the
relation suggested by Wolfgang et al. (2016) and that provided by Lissauer et al.
(2011b). We performed N -body simulations using mercury, and adopted initial
conditions that assumed the system planets are initially on circular and coplanar
orbits (e = 0 and I = 0 for all planets). The initial values of the mean anomalies of
the planets were assigned randomly, and 10 different realisations were run for each
system. We found that the relation from Lissauer et al. (2011b) provides stable
systems for all 5-planet systems over a 10 Myr run time, while the mass-radius
relation provided by Wolfgang et al. (2016) fails to produce stable systems for some
Kepler systems over the same time scale (e.g. the systems Kepler-32 and -33, which
were validated by Lissauer et al. (2011b)). For this reason, the relation provided by
Lissauer et al. (2011b) is the one we used to construct the initial conditions for the
20-protoplanet simulations described in the following sections.
3.3.2. Results of the formation simulations
To recap, two sets of N -body simulations were performed for each Kepler template,
one assuming perfect accretion using a simple hit-and-stick model, and the other
adopting the imperfect accretion algorithm of Leinhardt and Stewart (2012). For
each Kepler template, we considered two initial distributions of the eccentricites
and inclinations, a ‘High set’ and a ‘Low set’, and for each of these we computed 10
different realisations of the initial conditions by varying the random number seeds
used to create the initial conditions. Hence, we ran 40 N -body simulations for 10
Myr for each Kepler template.
We begin our discussion of the results by first considering how the simulation
outcomes considered as a whole vary when considering the perfect and imperfect
accretion prescriptions. We then look at the simulations in more detail by consid-
ering how the outcomes vary between the different Kepler templates, focussing on
the resulting planet masses, orbital elements, period ratios, K-values and system
architectures that emerge from the simulations.
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Figure 3.4.: Cumulative distributions, from all simulations of the Kepler55 tem-
plate, of the same 4 parameters listed in figure 3.3. They are (in order
from left to right) a, e, I, and Mp. The blue and yellow lines are for the
perfect collision and imperfect collision simulations, respectively.
Comparison between perfect and imperfect accretion across all runs
The distributions of the semi-major axes, eccentricities, inclinations and masses are
shown in the histograms and cumulative distribution functions (CDFs) in figure 3.3.
Later in the chapter we discuss the mutual separations between pairs of planets, and
the K-values are shown in figure 3.11. By-eye inspection suggests that the distri-
butions are in good agreement when comparing the perfect and imperfect accretion
models, and applying the Kolmogorov-Smirnov test (K-S test) yields p-values of
0.148 for the semi-major axis distributions, 0.100 for the eccentricities, 0.079 for the
inclinations, and 0.234 for the masses. Hence, the null hypothesis that the data
plotted in figure 3.3 for the perfect and imperfect collision simulations are drawn
from the same underlying distribution cannot be rejected with a > 95% confidence
level.
Agreement between the perfect and imperfect accretion runs can also be seen
when looking at individual system templates. For example, figure 3.4 shows the
CDFs for the same parameters shown in figures 3.3, but only for the Kepler55
system template, and again it can be seen that the distributions are very similar.
Here the K-S test yields p-values of 0.995 for the semi-major axis distributions, 0.832
for the eccentricities, 0.166 for the inclinations, and 0.734 for the masses.
In summary, based on the global properties of the final planetary systems that are
formed, we can conclude that the differences produced by the perfect and imperfect
accretion prescriptions are small, and do not have a statistically significant influence
on the outcomes of the simulations.
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Instabilities and multiplicities
All simulations resulted in dynamical instabilities that led to mutual scattering
and giant impacts. Figure 3.5 shows the distributions of the multiplicities of all
final planetary systems. The maximum number of planets remaining after 10 Myr
was 12 and the minimum was 3. No single or double planet systems were formed.
Having 4 or 5 planets remain in the system is the most common outcome. Our
multiplicity distribution appears to agree with the distribution obtained by Hansen
and Murray (2013), where they also obtain a minimum multiplicity of 3, and a peak
in the multiplicity distribution at 4 or 5 planets. The mean value of the number of
planets obtained in the imperfect collision simulation is 〈NI〉 = 5.21 and for perfect
collisions it is 〈NP 〉 = 5.06. For the higher initial value set 〈NH〉 = 5.05, and for
the lower initial value set 〈NL〉 = 5.22. It is noteworthy how close these values
are to 5, given that our template systems all contain 5 planets, indicating that the
initial conditions constructed from the templates are able to reproduce the desired
multiplicity on average. In a recent analysis of the Kepler data, Zhu et al. (2018)
concluded that the mean number of super-Earths in compact systems around solar-
type stars is approximately 3, with the fraction of stars hosting planetary systems
being approximately 0.3. This suggests that the 5-planet systems we have chosen
for this study may not be representative of the Kepler planets as a whole, even if we
allow for the fact that the Kepler systems contain unseen planets by virtue of them
being on orbits that are inclined to the line of sight.
The K-S test applied to the CDFs derived from the data in figure 3.5 gives a
p-value of 0.997 for the perfect and imperfect collision models, and 0.999 for the
runs with the higher and lower initial eccentricity/inclination values. The small
difference between 〈NI〉 and 〈NP 〉, together with the large p-value, shows that our
runs are in accord with the conclusions reached by Mustill et al. (2018), namely
that assuming either perfect or imperfect collisions has little impact on the final
multiplicities. The similar values for NH and NL shows that the initial value of e
and I also has a limited impact on the final multiplicities, at least for the range of
values adopted here.
Figure 3.6 shows the CDF for the occurrence times of all giant impact events
detected during the imperfect collision simulations. More than 90% of the giant
impacts happened before 1 Myr (the white area in the figure), and 50% of the
impacts occurred within 104 yr. Given that the planetary systems are centred around
a ∼ 0.1 au, this latter figure corresponds to ∼ 3 × 105 dynamical times, indicating
that the initial conditions do not result in excessively short accretion times. Instead,
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Figure 3.5.: Multiplicity distributions from all simulations. The left panel compares
the distributions obtained in the perfect and imperfect collision simula-
tions. The right panel compares the distributions obtained in the high
and low initial eccentricity/inclination simulations (see section 3.2.4 for
the definitions of these simulation sets).
the systems have time to undergo substantial dynamical relaxation during the epoch
of accretion. Furthermore, the fact that only 10% of the collisions occur after 1 Myr
indicates that our run times of 10 Myr are long enough to have formed long-term
stable systems in most cases. However, the fact that some collisions are occurring at
late times also indicates that some of our final planetary systems would have evolved
further if the integrations had been extended. Finally, we note that with 90% of
the collisions occurring in the simulations within 1 Myr, this implies that if the
protoplanets we consider in the initial conditions were formed within the life time of
the gaseous protoplanetary discs, then substantial collisional evolution would have
likely occurred while the gas was still present as disc life times are typically 3 Myr
(Haisch et al., 2001). Ogihara et al. (2015) have shown that under such conditions
the effects of migration cannot be ignored and strongly influence the architectures
of the resulting systems.
Eccentricities, inclinations and masses
Table 3.2 lists the mean values of e, I and the K-values for each subset of runs
associated with each of the Kepler templates. Averaging has been performed over
the final outcomes of the 10 simulations associated with perfect/imperfect accretion,
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Figure 3.6.: Cumulative distribution of all the giant impact events with respect to
time during the imperfect collision simulations. Grey area denotes the
latest 10% of the collisions.
and high and low initial eccentricities/inclinations. While there is some variation of
the mean eccentricities and inclinations when comparing the different initial eccen-
tricities/inclinations and the accretion prescription (particularly for Kepler80), the
largest variation is observed when comparing the different Kepler templates. For
example, the Kepler55 runs all give 〈e〉 ∼ 0.06, where the Kepler296 runs give
higher values distributed around 〈e〉 ∼ 0.09.
The top and middle panels of figure 3.7 show the values of e and I with re-
spect to semi-major axis a from four of the simulation templates performed with
the imperfect collision model (see figure A.4 in appendix A.3 for the results of the
other 4 templates that adopt imperfect collisions, and figures A.6 and A.8 for all
8 templates that use the perfect collision model). The plots show that the final
distributions arising from the higher set (blue triangles) and the lower set (yellow
diamonds) are very similar. This is not surprising as the initial eccentricities and
inclinations in all of these runs are considerably smaller than the mean values at
the ends of the simulations. Hence, the final values are determined by planet-planet
scattering and collisional damping, and little memory is retained of the original
eccentricity and inclination values. This would not be the case if the initial eccen-
tricities and inclinations had been comparable to or larger than the values obtained
from dynamical relaxation (Matsumoto and Kokubo, 2017). It is common to see
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Table 3.2.: Mean values of e, I and K-values from the different simulation subsets
from all 8 Kepler templates. The numbers in parentheses are the stan-
dard deviations about the respective means.
Kepler Imperfect Imperfect Perfect Perfect All All All All All
System Higher Lower Higher Lower Higher Lower Imperfect Perfect Sets
〈e〉 (×10−2)
55 6.32(5.71) 6.27(5.50) 6.03(4.46) 6.34(5.97) 6.18 6.31 6.30 6.19 6.24
80 3.21(4.47) 5.09(5.50) 1.85(2.25) 1.88(1.90) 2.53 3.49 4.15 1.87 3.01
84 7.02(4.86) 5.20(4.56) 6.32(6.14) 5.91(4.39) 6.67 5.56 6.11 6.12 6.11
102 5.55(6.64) 3.74(2.81) 5.64(4.46) 6.27(7.30) 5.60 5.01 4.65 5.96 5.30
154 8.46(6.65) 5.25(5.68) 7.23(7.02) 7.12(7.17) 7.85 6.19 6.86 7.18 7.02
169 4.42(2.72) 5.49(6.22) 4.68(4.06) 4.70(6.92) 4.55 5.10 4.96 4.69 4.82
292 5.43(3.08) 5.04(4.00) 6.65(5.20) 5.72(3.60) 6.04 5.38 5.24 6.19 5.71
296 10.28(9.86) 11.40(11.05) 7.60(5.72) 9.90(6.64) 8.94 10.65 10.84 8.75 9.80
〈I〉 (×10−2) [rad]
55 4.34(4.85) 3.74(2.90) 4.31(3.55) 3.47(2.61) 4.33 3.61 4.04 3.89 3.97
80 1.18(1.20) 1.67(2.45) 2.72(3.89) 1.41(1.96) 1.95 1.54 1.43 2.06 1.74
84 3.38(2.86) 3.63(3.51) 3.18(3.61) 3.97(4.39) 3.28 3.80 3.51 3.58 3.54
102 2.52(3.03) 2.38(2.45) 3.65(4.30) 3.93(3.64) 3.08 3.15 2.45 3.79 3.12
154 5.00(5.68) 5.62(3.82) 4.94(6.94) 5.38(6.33) 4.97 5.50 5.31 5.16 5.23
169 2.38(1.92) 3.48(3.41) 3.42(2.32) 3.00(2.30) 2.90 3.24 2.93 3.21 3.07
292 4.19(2.95) 2.94(2.66) 2.33(1.87) 2.87(2.42) 3.26 2.90 3.56 2.60 3.08
296 5.90(3.56) 7.89(7.91) 5.32(2.76) 5.90(4.67) 5.61 6.90 6.89 5.61 6.25
〈K〉 [RH]
55 21.1(6.43) 21.2(6.91) 22.6(6.25) 20.9(7.17) 21.8 21.1 21.2 21.7 21.4
80 21.5(11.37) 22.8(11.09) 20.6(10.40) 19.0(10.40) 21.0 20.9 22.2 19.8 21.0
84 21.2(4.80) 19.2(5.42) 20.8(4.79) 19.8(4.81) 21.0 19.5 20.2 20.3 20.3
102 21.4(6.54) 19.1(6.01) 20.6(5.97) 21.9(4.59) 21.0 20.4 20.3 21.1 20.7
154 20.7(6.82) 19.0(6.46) 20.4(7.43) 18.7(8.16) 20.6 18.9 19.9 19.6 19.7
169 21.1(6.23) 22.5(7.61) 22.2(6.74) 21.9(9.70) 21.6 22.2 21.8 22.0 21.9
292 19.5(3.87) 18.5(4.23) 18.7(4.40) 17.3(5.28) 19.1 17.9 19.0 18.0 18.5
296 24.3(7.47) 22.9(9.15) 22.4(5.69) 21.4(4.37) 23.4 22.2 23.6 21.9 22.8
that e and I have relatively high values near the inner and outer edges of the sys-
tems, perhaps best illustrated by the Kepler102 and Kepler169 templates. This
feature was already noted by Hansen and Murray (2013) in their study of in situ
formation of super-Earths, and arises because bodies at the edge of the initial an-
nulus of protoplanets are scattered outwards and do not experience collisions that
tend to damp the eccentricities and inclinations.
The bottom panels of Figure 3.7 show the final planet masses versus their semi-
major axes. A striking feature of these plots is how the simulated systems (denoted
by blue triangles for higher set runs, and yellow diamonds for lower set runs) gen-
erally match the observed Kepler systems (denoted by black circles joined by solid
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lines). Hence, based on this comparison alone, it is reasonable to conclude that the
initial conditions and formation histories that we simulate here might be reasonable
approximations to those that applied to the actual Kepler systems we have used as
templates. The exception is Kepler169, where the outer regions of these simula-
tions failed to generate significant collisional growth because the initial masses of
the protoplanets there, generated by the method mentioned in section 3.2.4, were
too small (giving initial K-values > 15), leading to instability times longer than the
10 Myr simulation run times.
In view of this, we extended the run times of the Kepler169 template simulations
to 100 Myr, using the perfect accretion routine (see figure A.10 in appendix A.3
for the comparison). As expected, the outer regions of the systems experienced
increased growth and provided better agreement with the original Kepler masses.
This suggests that a better strategy for future work would be to run simulations for
a set number of orbits measured at the outer edges of the systems, instead of a fixed
number of years as was done in this work.
Although the final planet masses in the simulations match their Kepler templates
on average, it is worth noting that when we consider the CDF of planet masses
later in this chapter, and compare it with that obtained from the original Kepler
template systems (see figure 3.21), the agreement is not good because the simulations
produce a range of planetary systems, some of which have higher multiplicity than
5 and hence contain planets with relatively low masses.
As with the eccentricities and inclination distributions discussed above, there are
no systematic differences in the final planetary masses when comparing the high and
low initial eccentricity/inclination subsets of runs.
The high values of e and I at the edges of the system due to planets being scattered
but experiencing fewer collisions there, discussed above and noted by Hansen and
Murray (2013), can also be seen in Figure 3.8, which shows the final planets from
all runs in the a-e plane (top panel), a-I plane (middle panel), and a-Mp plane
(bottom panel). We also see from the lower panel that higher mass planets occupy
the centre of the a-Mp plane, where collisional growth occurs more frequently, with
lower mass planets being present at the edges of the annuli where collisions occur
less frequently. Figure 3.9 shows that e and I are strongly correlated, as expected
for systems that have undergone dynamical relaxation.
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Figure 3.7.: All imperfect collision simulation results from (from left to right)
Kepler80, 102, 169, and 292 templates. The scatter plots show the ec-
centricities (top panel), inclinations (middle panel), and planet masses
(bottom panel) with respect to their semi-major axis. The orange-
diamonds data are from the higher initial eccentricity set, and the blue-
triangle data are from the lower initial eccentricity set. The horizontal
lines in each subplot show the mean values of the data in their respec-
tive colour (also plotted as solid lines for the higher initial eccentricity
set and dashed lines for the lower initial eccentricity set). The black
circles in the bottom panel denote the masses and semi-major axes of
the observed Kepler planets. The black dashed lines indicate the detec-
tion limit applied when undertaking the synthetic transit observations
described in section 3.7.1.
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Figure 3.8.: Scatter plots comparing e, I and Mp as a function of a arising from
perfect (blue points) and imperfect (yellow points) collision simulations.
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Figure 3.9.: Scatter plot showing correlation between e and I from all runs. Perfect
collision results are shown by blue points, and imperfect collision results
are shown by yellow points.
Period ratios and K-values
Figure 3.10 shows that the perfect and imperfect accretion simulations provide sim-
ilar cumulative distributions of the period ratios between neighbouring planet pairs.
We can compare these with the distribution of period ratios for the actual Kepler
multi-planet systems. In section 3.7.2 below, we also compare the period ratios ob-
tained from the simulations when they are synthetically observed with the Kepler
data, but here we focus on the intrinsic period ratios. For period ratios smaller than
4:3, we see that the Kepler data shows an excess compared to the simulations. A
K-S test performed on a subset of period ratios between 5:4 and 4:3 gives p-values
of 1.69× 10−4 and 0.029 when comparing the Kepler data with the perfect and im-
perfect collision simulations, respectively, demonstrating that the distributions are
different. Hence, some process occurred during the formation of at least some Kepler
systems that allowed the survival of more compact architectures, which are nonethe-
less non-resonant. Dynamical relaxation and collisional evolution in the absence of
any dissipative process clearly results in such closely separated planet pairs being
destabilised, suggesting those Kepler systems with particularly compact configura-
tions formed in a dissipative environment and did not undergo dynamical instability
in spite of the close proximities of the planets. One such system not considered here
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that displays this property is Kepler-11 (Mahajan and Wu, 2014).
The full Kepler data set, without any limits in period ratio being applied, clearly
contains too many planet pairs with large period ratios compared to the simula-
tion intrinsic outcomes, and a K-S test comparing the data and simulations results
in p-values < 0.05. Again, such system architectures do not naturally arise from
a formation scenario in which even a wide annulus of protoplanets undergoes dy-
namical instability and collisional growth, since this mode of evolution results in
neighbouring planets being separated by ∼ 20 mutual Hill radii (see discussion be-
low). Instead, additional processes would need to be invoked which either cause
the initial distribution of protoplanets to have a more complex structure involving
concentrations around particular orbital radii, or which involve orbital migration
because formation occurred in the presence of either a gas or planetesimal disc.
Considering planet pairs in the Kepler data with a maximum period ratio of 3:1
results in much better agreement between the observational data and simulations,
with p-values of 0.078 and 0.120 for perfect and imperfect collisions respectively.
However, we also note here that the synthetically observed systems, described in
section 3.7.2, provide a distribution of period ratios that is quite different to that
obtained from the simulations directly, due to the fact that mutual inclinations be-
tween the planets lead to some planets not being detected during the observations.
This has the effect of increasing the numbers of systems with large period ratios.
One feature within the Kepler multiplanet systems that the simulations do not
reproduce particularly well is the known peaks in occurrence rates of planet pairs just
outside of the 3:2 and 2:1 resonances (seen in particular as a flattening and then rise
in the CDF at around period ratio 2:1 in figure 3.10). The cumulative distribution
for the simulation data shows a very modest inflection around the 2:1 resonance,
but it is not as pronounced as in the Kepler data, and is not statistically significant.
It is noteworthy that Petrovich et al. (2013) were able to reproduce the resonance
features using 3-body integrations that resulted in final systems of two planets for
planet masses 20 ≤ Mp ≤ 100 M⊕. The end states of our simulations always
have more than two planets, and the final planet masses are typically < 10 M⊕.
These properties likely serve to reduce the prominence of features in the period ratio
distribution near first order mean motion resonances, and leave open the question
of what dynamical processes have given rise to the near-resonance features in the
period ratio distributions of the Kepler planets.
The distributions of the K-values from all our simulations can be seen in figure
3.11. Both collision models result in similar distributions, with a p-value of 0.54,
with 50% of systems having 10 ≤ K ≤ 20, and the maximum value of K being
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Figure 3.10.: CDFs of the period ratios of all adjacent planet pairs. The blue and
yellow lines correspond to the perfect and imperfect collision models,
respectively. The black dotted line includes all the original Kepler
planet pairs. The solid black line shows the original Kepler planet
pairs with a cut off for period ratio > 3.
∼ 50. Although not obvious in the plot, the number of planets with K < 10
decreases to zero and then rises again close to K = 0, with these latter planets
surviving because they are protected by a 1:1 resonance. Wu et al. (2018) have
presented similar simulation results on this feature in the K-value distribution and
its relation to the 1:1 resonance (period ratio < 1.05), and we discuss these co-orbital
systems further in the next section. Figure 3.12 shows the value of K for each planet
pair using the same four Kepler templates shown in figure 3.7. The distributions
of the K-values are similar, independent of whether we consider the high or low
eccentricity/inclination set. And they also show similar K-values compared to the
original Kepler systems (shown by the black circles joined by lines), based on the
adopted mass-radius relation, although again the Kepler169 system is an exception
(see figure A.11 in appendix A.3 for a comparison to systems that were evolved for
100 Myr instead of 10 Myr).
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Figure 3.11.: The normalised distributions (top panel) and the cumulative distribu-
tions (bottom panel) of the K-value of the planet pairs obtained in all
our simulations. Perfect collision simulations are shown in blue, and
imperfect collision simulations are shown in yellow.
3.4. Co-orbital planet pairs
In section 3.3.2, we stated that a small number of planets have very small K-
values, and these are shown in figure 3.11. Further investigation has shown that
these planets have been captured into 1:1 co-orbital resonances, and these co-orbital
planets make up about 1% (4 out of 320 simulations) of the total number of planet
pairs.
3.4.1. Stability
In spite of the very small K-values, the 1:1 resonance protects co-orbital planet
pairs from instability. In general both stable tadpole orbits, which involve libration
around the L4/L5 points, and horseshoe orbits are permitted (Dermott and Murray,
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Figure 3.12.: All K-values for neighbouring planet pairs from imperfect collision
simulations of (from left to right) Kepler80, 102, 169, and 292 tem-
plates. The orange diamonds are from the higher initial eccentricity
set and the blue triangles are from the lower initial eccentricity set.
The horizontal lines in each subplot are the mean values of the data in
their respective colour (also plotted as solid lines for the higher initial
eccentricity set and dashed lines for the lower initial eccentricity set).
The black circles denote the K-values of the original planets pairs, as
listed in table 3.1.
1981a,b), and we see examples of both of these orbit types in the simulations. As
the simulation run times are 10 Myr, and the co-orbital pairs are found to form
early in some simulations, we find tadpole and horseshoe orbits which are stable
for 9.5×106 years. This is in spite of the co-orbital pairs being in systems of high
multiplicity, where the resonance configuration is subject to external perturbations.
Previous studies have shown that co-orbital planet pairs can be stable for up to 109
yr (Tabachnik and Evans, 2000). Figure 3.13 shows an example of the semi-major
axis versus time during the last 10 years of one simulation (the left panel) and
the corresponding orbital trajectory of the 1:1 resonance planet pair from the same
model in a frame that co-rotates with one of the planets (the right panel). From
the semi-major axis plot, we can see the 2 planets undergo a periodic exchange of
radial location, and the co-rotating plot shows that the orbit is a tadpole orbit.
In other simulations that produce 1:1 resonant planet pairs, we see similar char-
acteristics in the semi-major axis evolution. Although it is generally expected that
horseshoe orbits are not as stable as tadpole orbits (Dermott and Murray, 1981b),
the planet pairs in horseshoe orbits produced in the simulations are found to be
stable over the run times we consider. The maximum value of the period ratio
among all the co-orbital pairs is ∼1.05:1, in agreement with the simulations by Wu
et al. (2018), which show that period ratios in the range 1.05 to 1.1 are unstable
(independent of whether or not the system has two planets or a higher multiplicity).
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Figure 3.13.: Left panel shows the semi-major axis evolution of the co-orbital planet
pair. The right panel shows the orbit trajectory of the same planet
pair in a frame that corotates with the planet denoted by the green
open circle.
3.4.2. Formation
All the co-orbital planet pairs form fairly early in our simulations (within a few
thousand years). Figure 3.14 demonstrates the formation of a co-orbital pair by a 2-
body collision event in the perfect collision model. The top panel shows the evolution
of the semi-major axis during the first 2,000 yr of the simulation. We can see the
collision happened around 1,200 yr (black dashed line). The 3 bodies involved in the
encounter are marked by blue, green and purple lines (labelled as planet-b, planet-g
and planet-p, respectively, from now on). In this encounter, planet-g and planet-p
are the surviving planets and they form a co-orbital tadpole orbit. The second panel
of the figure shows the change of mass of the bodies during the evolution. We can see
planet-b collided with planet-p during the encounter, and the resulting body ended
up with the appropriate energy and angular momentum so that it could settle into
a co-orbital configuration with planet-g. The figure also shows the eccentricity and
inclination evolution in the bottom two panels. The eccentricity evolution shows
the angular momentum and energy exchange (Funk et al., 2011, 2013) between
planet-g and planet-p. The fluctuations of these two orbital elements are seen to
be reduced after the encounter compared to before it, because of the collision and
formation of the co-orbital pair. The two co-orbital planets are mutually inclined
by approximately 2◦, and hence it cannot be guaranteed that both planets would
be detected in a photometric survey searching for transiting planets.
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Figure 3.14.: An example of the formation of a co-orbital planet pair by an inelas-
tic collision. Shown are the evolution of the semi-major axes (top
panel), planet masses, (second panel) eccentricities (third panel), and
inclinations (fourth panel). The time interval shown is the first 2,000
years of the simulation, and the collision occurred after ∼1,200 years
(dashed line). The three bodies involved in the encounter are marked
in blue, green, and purple, where we name them planet-b, planet-g,
and planet-p, respectively.
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It is clear that formation of a co-orbital planet pair, involving two planets that were
initially well-separated in orbital radius, requires energy and angular momentum loss
from one of the planets. Within our simulations, there are three possible ways to
achieve this energy loss: 1) an inelastic collision between two bodies resulting in the
composite body having the appropriate energy and angular momentum to form a
co-orbital pair with a third planet; 2) interaction with collision debris (in the form
of multiple planetesimals) formed from an earlier collision, leading to the requisite
change in energy and angular momentum by the members of the co-orbital pair;
3) a 3-body encounter in which energy and angular momentum from at least one
planet in the co-orbital pair is given to a third body. The case illustrated in figure
3.14 corresponds to the first of these formation scenarios. Neither the interaction
with debris nor the 3-body encounter formation mechansims were observed in the
simulations, although simulations using the perfect and imperfect accretion routines
both resulted in the formation of co-orbital pairs. All systems that formed co-
orbital pairs did so early in the simulations, when the space density of planets and
the probability of capture due to kinetic energy lost of the colliding planets were at
their highest.
3.4.3. Resonance-induced TTV
The co-orbital planet pair (planet-p and planet-g) shown in figure 3.14 survived
to the end of the 10 Myr evolution. The final mutual inclination of this planet
pair is ∼ 2o, which makes it unlikely that both planets would be detected directly
during a transit survey. On the other hand, this type of 1:1 resonance pair would
induce transit timing variations (TTV) on each other, which might provide a signal
indicating the presence of the other non transiting co-orbital planet.
Figure 3.15 demonstrates the TTV signal expected for planet-g during a 10 year
period after the end of the simulation. Here, we have calculated the mean orbital pe-
riod of planet-g over this 10 year period (Pg ≈ 9.9872 days), and have then computed
the Observed–Calculated (O–C) times for the transits of planet-g. The amplitude of
the TTV signal reaches ±0.9639 day, and the maximum difference between adjacent
periods is ∼ 15 minutes. If it was possible to pick up the transit signal of planet-
g and confirm it as a planet within a transit survey, then the TTV signal would
provide strong evidence of the presence of the other planet (e.g. planet-p in this
case). However, we note that such a strong TTV signal might also provide a barrier
to detecting co-orbital planets in the automated pipelines of transit surveys which
adopted schemes such as box-least squares with fixed orbital periods, particularly
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Figure 3.15.: An example synthetic TTV signal for the 1:1 co-orbital planet pair
discussed in the text. It shows the difference between the observed
and calculated (predicted) times of planet-g’s transit events for 10 years
after the end of the formation simulation. A total of 366 transit events
are observed within this 10 year period.
for systems with low signal to noise.
All 4 of the co-orbital planet pairs formed in our simulations are mutually inclined
and lead to a similar situation to that discussed above. So far, no confirmed co-
orbital planets have been found. We note that simulations involving dynamical
relaxation within a protoplanetary disc also suggest that 1:1 co-orbital planets are a
natural outcome (Cresswell and Nelson, 2006, 2008), but in that case the co-orbital
pairs are expected to be co-planar and hence would both be detected directly in
transit surveys. The strong TTV signal we demonstrated here might provide an
explanation of why co-orbital pairs have not been found, and also provide a means
of detecting non-coplanar co-orbital systems.
3.5. Collision-induced composition changes
Recent analyses of the distribution of planetary radii for planets discovered by Ke-
pler indicate the presence of a valley in the distribution for radii 1.6 . Rp . 2 R⊕
(Fulton et al., 2017; Fulton and Petigura, 2018; Van Eylen et al., 2018). The loca-
tion of this valley has been widely interpreted as providing evidence that complete
photoevaporation of hydrogen-helium envelopes from core dominated super-Earths
has unveiled a population of bodies whose densities are consistent with them having
Earth-like compositions (Owen and Wu, 2017; Jin and Mordasini, 2018). The lack
of clear evidence for the solid cores having densities consistent with having signifi-
cant ice fractions suggests that the observed cores did not migrate to their current
locations after formation beyond the ice line. An alternative possibility that we
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explore here is that high energy collisions during giant impacts may have changed
the compositions of previously water-rich cores by stripping off the volatile outer
layers.








where the reduced mass µ = (M1M2)/(M1 +M2) (withM1 andM2 being the masses
of the target and projectile, respectively),MTotal is the total mass of the two colliding
bodies, and Vimp is the relative impact velocity. Stewart and Leinhardt (2009) give
a catastrophic disruption threshold energy, Q∗RD, which depends on the sizes of the
colliding objects and Vimp. Q∗RD is defined as the energy needed to leave the largest







where RC1 is the radius of a spherical body containing all of the colliding mass with







With the masses of the two colliding bodies known, and the impact velocities mea-
sured from the N -body simulations, we can obtain QR and Q∗RD directly. Marcus
et al. (2010), considered collisions involving differentiated bodies, with half of the
mass of the colliding planets being water ice and the other half being rock, and
found that the mass fraction of the core of the largest remnant, Mcore/Mlr, can be
fit by the expression
Mcore
Mlr






This power law of QR/Q∗RD is the best fit from their smoothed particle hydrody-
namics simulations.
The upper left panel of figure 3.16 shows the distribution of the recorded impact
angles, θ, in all the giant impact events from our imperfect accretion routine. It is
clear that the majority of the collisions are not head-on. For a more realistic anal-
ysis for the composition changes, we also consider the effect of off-centre collisions.
Leinhardt and Stewart (2012) provide a correction to QR and Q∗RD that allows them
to be applied to off-centre collisions by considering the fraction of the projectile
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mass that directly intersects the target during a collision. The mass fraction of M2
involved in the collision is defined as α (i.e. α = M2,involved/M2). After defining α,





where α can be calculated directly from the information recorded during the simu-
lations by
α =
3R2 [RTotal −RTotal sin θ]2 − [RTotal −RTotal sin θ]3
4R32
, (3.25)
where RTotal = R1 +R2, and α = 1 when R1−R2 > RTotal sin θ. The specific impact







And similarly, the catastrophic disruption threshold energy with off-centre collision










where µ̄ is the velocity exponent in the coupling parameter (Holsapple and Schmidt,
1987; Housen and Holsapple, 1990). Leinhardt and Stewart (2012) and its follow-
up study by Stewart and Leinhardt (2012), suggested the range of values of µ̄ is
between 0.33 to 0.37. The middle value (µ̄ = 0.35) is adopted in equation 3.27 for
our calculations. With the new value of Q′R and Q
′∗
RD calculated by equation 3.26
and 3.27, respectively, the mass ratio between the core and the largest remnant from
equation 3.23 is modified to
Mcore
Mlr










Our imperfect accretion simulations record all of the data needed to calculate
Mcore/Mlr, and hence determine whether or not the giant impacts occurring in the
simulations would have been likely to lead to significant compositional changes if our
protoplanets were differentiated bodies consisting of ∼ 50% rock and ∼ 50% water
ice, as considered by Marcus et al. (2010). The results of our analysis are shown in
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figure 3.16. In the upper left panel, the histogram shows the impact angles, which
are peaked at the value around 45◦, as expected (Shoemaker, 1962). The lower
left panel records the cumulative distribution of Vimp in terms of the mutual surface
escape velocity, Vesc, of all collisions experienced across all of the imperfect accretion
simulations. The upper right panel shows the cumulative value of Q′R, and the lower
right panel shows the resulting estimates of Mcore/Mlr arising from each collision,
calculated from equations 3.26 and 3.28. The data suggest that only 10% of the
giant impacts in our simulations would lead to a greater than 10% mass loss from
the protoplanet, where this mass loss would correspond to partial stripping of the
putative water-rich mantle. It is very uncommon to have a collision which can cause
the protoplanet to have a mass loss of up to 45% (i.e. 90% of the water/ice content),
so we conclude that while moderate compositional changes would be likely to have
occurred if the Kepler multi-planet systems underwent a final stage of assembly
involving giant impacts, the changes would have been insufficient to explain the
location of the valley in the distribution of planetary radii discussed above.
3.6. Collision-induced atmospheric loss
Observations and structure models of exoplanets suggest that many of the low and
intermediate mass planets observed by Kepler have hydrogen-helium (H/He) en-
velopes (e.g. Lopez and Fortney, 2014). These H/He envelopes must have been
accreted while the planets were embedded in the gaseous protoplanetary disc (e.g.
Bodenheimer and Lissauer, 2014; Coleman et al., 2017). If dynamical instabilities
and giant impacts after the dispersal of the gas disc have played an important role in
the final assembly of the super-Earths and sub-Neptunes observed by Kepler, then
the envelopes we observe today must have survived the giant impacts. Previous
studies have investigated the conditions under which giant impacts can lead to ejec-
tion of an envelope, both by the shock that is driven through the envelope during
the impact (Genda and Abe, 2003; Inamdar and Schlichting, 2016; Yalinewich and
Schlichting, 2019), and because of the intense heating of the core and envelope that
occurs when the impact energy is converted to thermal energy during the collision
(Biersteker and Schlichting, 2019).
Following the discussion in Biersteker and Schlichting (2019), we make the sim-
plifying assumption that the kinetic energy associated with an inelastic collision
between two bodies is converted efficiently into thermal energy in the planetary
core, and good thermal coupling between the core and envelope ensures that the
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Figure 3.16.: Information concerning collisions occurring across all imperfect accre-
tion simulations. The top left panel shows the distribution of impact
angles. The top right panel shows the cumulative distribution of the
impact energies, calculated using equation 3.26. The bottom left panel
shows the cumulative distribution of the impact velocities in units of
the escape velocity, and the bottom right panel shows the cumulative
distribution of the ratio of Mcore/Mlr, calculated using equation 3.28.
The grey area in each plot denotes the region where the cumulative
number is within 10% of the maximum.
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base of the envelope achieves the same temperature as the core. If this temperature
is such that the Bondi radius of the envelope is smaller than the core radius, then
we assume that the atmosphere is lost, or is at least severely eroded.
The impact energy, Eimp = 1/2µV 2imp, associated with each collision between two
protoplanets is reported by our symba simulations. Hence, in a post-processing
step, we can determine the distribution of impact energies from our simulations
and determine whether or not these are likely to be sufficient to erode any putative
envelopes that the planets might possess. The increase of the temperature, ∆T , due
to the impact event can be estimated by equating the impact energy to the change
in thermal energy in the core that is present after the impact (which has mass Mlr):










Here, cv is the specific heat capacity of the core, and η is an energy conversion
efficiency factor. The impact should lead to an increase of the final temperature of
the core after the impact, Tc,final = Tc,initial + ∆T , and here we take a conservative
approach and assume the initial core temperature is negligible compared to the
final value (i.e. Tc,initial ' 0). Assuming the base of the envelope has the same








where cs is the sound speed, µm is the mean molecular weight, γ is the adiabatic
index and kB is the Boltzmann constant. We assume the atmosphere is likely lost
due to an impact if RB ≤ Rcore.
When calculating the value of ∆T and RB, we assume the envelopes are a mixture
of molecular hydrogen and atomic helium with µm = 2.3u and γ = 7/5. Previous
studies have taken values of the specific heat capacity of the cores of super-Earths
and sub-Neptunes in the interval cv = 500 − 1000 Jkg−1K−1 (Alfè et al., 2001;
Valencia et al., 2010; Nettelmann et al., 2011; Lopez et al., 2012). In this study, we
adopt the middle value within this range cv = 750 Jkg−1K−1 as in Biersteker and
Schlichting (2019).
The left panel in Figure 3.17 shows the cumulative distribution of the post-impact
changes in core temperature, ∆T , and the right panel shows the distribution of the
101
3. Compact super-Earths systems formation
quantity (RB − Rcore)/Rcore, such that a negative value implies substantial erosion
of the envelope. From the figure, we can see more than 60% of the collisions in our
simulations could lead to envelope loss. These values were obtained by adopting
η = 1 in equation 3.30, corresponding to 100% efficiency in converting impact ki-
netic energy into heat. Given that not all collisions are head-on, this is clearly an
overestimate, as some of the energy can be converted into rotational energy or be
taken away by post-impact debris (Agnor and Asphaug, 2004).
Recently, Carter et al. (2020) investigated the Moon-forming impact and showed
that around half of the impact kinetic energy is converted to internal energy, such
that a more realistic figure would be 0.4 < η < 0.6. It is worth noting that in prac-
tice, however, in a five-planet system that was initially composed of 20 protoplanets,
each remaining planet after the final assembly stage would have experienced 3 col-
lisions on average, suggesting that significant atmospheric erosion should occur in
super-Earth systems whose final assembly involves giant impacts.
Clearly a more sophisticated approach is required to give a better quantitative
estimate of the population of planets that are left with significant H/He envelopes
after such a period of evolution. Such a calculation would provide one means of
determining whether or not the observed population of super-Earths did indeed
form via giant impacts. Even if the impacts themselves are unable to completely
erode the envelopes, the remnant envelopes will be left in a bloated state and would
therefore be more susceptible to photoevaporation by high energy radiation from
the central star, as considered in the models of Owen and Wu (2017) and Jin and
Mordasini (2018), for example. Hence, in the future it will be important to consider
the evolution of envelopes during and after the giant impact phase to determine
whether the resulting population of planets agrees with the observations.
3.7. Synthetic observation of the final planetary
systems
The ability of any photometric observation of a planetary system to detect transits of
all system members depends on the mutual inclinations of the planets. In addition,
for any given planet with semi-major axis a, orbiting around a star with radius R∗,
the probability of detecting a transit from a random viewing position scales as R∗/a,
such that more distant planets around smaller stars are more difficult to detect.
Based on these considerations, a meaningful comparison between the outcomes of
planetary formation simulations and transit surveys, such as the one carried out by
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Figure 3.17.: Cumulative distributions of (left panel) ∆T ; (right panel) (RB−Rp)/Rp
calculated by all the giant impact events in our imperfect collision
model simulations. Where (RB − Rp)/Rp ≤ 0 imply that the Bondi
radius is equal to or smaller than the radius of the planet, i.e. com-
plete H/He envelope loss (the grey area). The blue line denotes the
value calculated with an energy conversion efficiency of 100% (η = 1),
and red line denotes the value calculated with the energy conversion
efficiency of 50% (η = 0.5).
Kepler, must involve synthetic observation of the simulated planetary systems.
Broadly speaking, the masses, orbital period ratios and planetary separations (as
measured by the K-values) resulting from the N -body simulations show reason-
able agreement with the inferred properties of the Kepler systems we have used as
templates when setting up the initial conditions of the simulations. Here, we are
interested in whether or not the distributions of the multiplicities of the simulated
planetary systems, and the period ratios between neighbouring planets, when syn-
thetically observed, agree with an appropriate sub-set of the Kepler systems. If such
agreement was obtained, then it would support the hypothesis that the observed Ke-
pler systems are all intrinsically high multiplicity systems with mutual inclinations
similar to those that arise in the N -body simulations, which in turn would imply
that the final assembly of the Kepler systems likely arose from a population of pro-
toplanets that underwent dynamical instabilities and giant impacts, as considered
in our N -body simulations. In addition, recent analyses have indicated that planets
which are members of multiple systems have a statistically significant different ec-
centricity distribution compared to planets that are observed to be single (e.g. Xie
et al., 2016; Mills et al., 2019). We test whether this difference is matched by our
simulations when synthetically observed.
103
3. Compact super-Earths systems formation
3.7.1. Observed multiplicities
Following the approach of Johansen et al. (2012), we consider the relative num-
bers of 1-planet, 2-planet, 3-planet, up to 7-planet systems that are detected when
the simulation outcomes are synthetically observed from 100,000 randomly chosen
viewing locations, isotropically distributed with respect to each host star. Using
the observed numbers of 1-planet, 2-planet, 3-planet, etc. systems, we then define
a Transit Multiplicity Ratio (abbreviated to TMR hereafter) as follows:
TMR(i, j) =
Number of i-planet systems
Number of j-planet systems
, (3.32)
where i and j represent the numbers of planets detected during each of the synthetic
observations.
For comparison with the TMR values obtained from the N -body simulations, we
take a sub-set of the Kepler Planet Candidates with the following cuts applied to
the orbital periods, P , and planetary radii, Rp, so that the Kepler sample roughly
matches the simulation outcomes: 3 ≤ P ≤ 100 days and 1 ≤ Rp ≤ 4 R⊕. In
addition, to crudely account for the fact that the detection efficiency of Kepler
decreases for small planets with longer orbital periods, we also required the planet
to have a radius greater than the value given by Rmin = 0.60(P/1 day)0.111 R⊕ when
undertaking the synthetic observations. Incorporating this limit on the planet radius
excluded around 20% of our final planets, but made essentially no difference to the
TMRs obtained from the synthetic transit observations.
The TMR values obtained are shown in figure 3.18, where the coloured histograms
show the values obtained from each of the different sets of N -body simulations, the
blue horizontal bars show the mean values averaged over the different simulation sets,
and the black horizontal bars show the TMRs from the Kepler data. The left panel
shows TMRs for 2-planet:1-planet systems, 3-planet:2:-planet systems, 4-planet:3-
planet systems, etc., and the right panel shows TMRs for n-planet systems relative to
2-planet systems, where n is an integer running between 3 and 7. The results are very
clear: the simulations consistently over produce high multiplicity systems relative
to low multiplicity systems by a factor of between 1.5 and 2 compared to the Kepler
systems. One reason for this is that the planet-planet scattering, leading to increases
in the mutual inclinations of planetary orbits during the N -body simulations, does
not increase the mutual inclinations sufficiently for agreement to be reached. The
N -body simulation outcomes have mutual inclinations that are too low, with the
RMS value obtained from the inclinations plotted in figure 3.8 being 〈I〉 = 2.05◦.
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Figure 3.18.: Synthetic transit multiplicity ratio from all four sets of our simulations.
Yellow and blue bars denote the high and low initial eccentricity value
simulations with imperfect accretion, respectively; green and red bars
denote the high and low initial eccentricity simulations with perfect
accretion, respectively. Black horizontal lines show the observed Kepler
TMRs (as of 17/10/2018) and the blue horizontal lines show the mean
values of the simulated TMRs.
In their earlier studies of multiplicity ratios, Johansen et al. (2012) and Tremaine
and Dong (2012) suggest that mean mutual inclinations of 〈I〉 ' 5◦ would be suf-
ficient to provide agreement between their models and the Kepler data when com-
paring the relative numbers of 3-planet and 2-planet systems. This indicates that
a factor of two increase in inclinations in our model systems would likely lead to
much better agreement with the Kepler systems, given the factor of ∼ 2 discrepancy
shown between the TMRs shown in figure 3.18. Even more recently, Izidoro et al.
(2019) and Carrera et al. (2019) have presented N -body simulations that provide
much better agreement with the Kepler TMRs than our results do. In the case of
the Izidoro et al. (2019) study this improved agreement arises in part because they
simulate the formation of more massive planetary systems than we do, leading to
more effective gravitational scattering, but in addition their simulations result in a
number of systems with lower intrinsic multiplicities compared to our simulations.
3.7.2. Period ratios
The CDF of the period ratios between neighbouring planets obtained from the syn-
thetic observation of the simulation outcomes is shown in figure 3.19, along with
that for the full set of Kepler planets that make up our comparison sample, and a
subset of that sample for which the maximum period ratio is 3:1. This figure should
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Figure 3.19.: CDFs of the period ratios obtained from the synthetic observations of
the simulations, and for comparison the CDFs of period ratios obtained
from our comparison sample of the Kepler data.
be compared with figure 3.10, which shows the CDF of the intrinsic period ratios
obtained from the simulations before being synthetically observed. This comparison
demonstrates the importance of undertaking synthetic observations to mimic transit
surveys, as the two distributions of period ratios are quite different from one an-
other. We see from figure 3.19 that we obtain a significant increase in the frequency
of period ratios > 2 when undertaking the synthetic observations, as planet pairs
on mutually inclined orbits are not observed to simultaneously transit. However,
it is also clear that the Kepler data still show a significant excess of large period
ratios compared to the simulations, and in general the Kepler systems are more
separated than the simulated systems. We also note that we recover the fact that
the Kepler systems also show a significant excess of small period ratios compared to
the simulations, discussed already in section 3.3.2.
One curious feature of the CDF shown in figure 3.19 is the flattening observed
close to the location of the 2:1 resonance, which is reminiscent of the similar feature
seen in the Kepler data due to there being a small deficit of planets at the 2:1
resonance location. This is not observed so strongly in the CDF of the intrinsic
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Figure 3.20.: CDFs of the eccentricities obtained from the synthetic observations of
the simulations, and for comparison the CDFs of eccentricities drawn
from Rayleigh distributions with eccentricity parameters σe = 0.035
and σe = 0.167.
period ratios shown in figure 3.10, so we have examined the possibility that it arises
here because mutual inclinations of planet pairs are increased near to this resonance.
Plotting mutual inclinations against period ratios, however, showed no significant
feature close to the 2:1 resonance, so for now this feature remains unexplained.
3.7.3. Eccentricity distributions
The CDFs of the eccentricities of the synthetically observed planets are shown in
figure 3.20, where the solid lines represent either systems observed to be singles or
those observed to be multiples. The dashed lines show the CDFs for eccentricities
drawn from a Rayleigh distribution with eccentricity parameters σe = 0.035 and
σe = 0.167, which are the distributions and values for the observed Kepler multiple
and single systems from Mills et al. (2019). While it is clear that the simulations
produce single planets with systematically larger eccentricities than the planets in
multi-planet systems because the singles are from systems that have undergone
stronger scattering than the multiples, it is also clear that the simulations do not
provide a good match to the observationally inferred distributions of eccentricities
from Mills et al. (2019). In particular, the singles would need to be much more
eccentric to match the observationally inferred distribution, and it is not at all clear
that N -body simulations of the type presented here could fit the appropriate dis-
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tribution of eccentricities, while also adopting planetary masses in line with those
thought to make up the Kepler compact systems of super-Earths (such as shown in
figure 3.21). On the other hand, although the distribution from multiple systems
is not particularly well fitted by the Rayleigh distribution, the range of eccentric-
ities obtained is in much better agreement compared to those obtained for single
transiting systems. Using a maximum likelihood estimation, and scanning through
different values of σe, we find that an assumed Rayleigh distribution with parameter
σe = 0.049 provides the best fit to the multiple systems arising from the simulations.
In future work, we will examine fitting the observed eccentricity distributions with
the results of N -body simulations that consider different scenarios to those presented
here.
Under conditions of strong scattering, the perturbed radial velocity of a planet
relative to a circular Keplerian orbit, vr, should correspond approximately to the
escape velocity from the perturbing body. Assuming typical planet masses and
radii M̄p and R̄p, respectively, we have vr ∼
√
2GM̄p/R̄p. For small eccentricities
e ∼ vr/vk, where vk is the Keplerian velocity. From the CDF of simulated planet
masses in figure 3.21, the median planet mass M̄p ∼ 2.5 M⊕ and the corresponding
radius R̄p ∼ 1.56 R⊕. For planets orbiting at ap ∼ 0.1 au, the eccentricity expected
from strong scattering e ∼ 0.15. The median eccentricity for single planets synthet-
ically observed in the simulations is e ∼ 0.07, and approximately 20% of planets
have eccentricities above the strong scattering value of e ∼ 0.15. Hence, strong
scattering contributes significantly to the eccentricity distribution, but weaker scat-
tering events and collisional damping result in the majority of planets having smaller
eccentricities. Finally, it is expected that the mean inclination, ī ∼ ē/2 after dy-
namical relaxation (Kokubo, 2005). For ē ∼ 0.07 the expected mean inclination is
ī ∼ 2◦, very similar to the mean value observed in the simulations, as discussed in
section 3.3.2.
Finally, we comment that for strong scattering it is expected that the resulting
eccentricities will scale as e ∼
√
Mp. The discrepancy between the median eccen-
tricity of the simulated single planets and the Rayleigh distribution with σe = 0.167,
shown in figure 3.20, is about a factor of 3 (∼ 0.07 versus ∼ 0.2). Hence, to gener-
ate this shift would require an increase in the masses of the planets by a factor of
∼ 9. The CDFs for the planet masses from the simulations, and those inferred from
the Kepler data, are shown in figure 3.21, and there we observe about a factor of
3 discrepancy between the simulated planets and the Kepler planets. Hence, it is
not clear at present whether or not strong scattering of planets that appear to be
singles in the Kepler data can account for the inferred eccentricity distribution of
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these planets as derived by Mills et al. (2019).
3.8. Discussion and conclusions
Recap of simulation set-up
We have presented the results of N -body simulations of in situ planetary system
formation. These examine whether or not the final assembly of the Kepler com-
pact multi-planet systems, and perhaps the wider population of Kepler planets, can
be explained by a scenario in which a large number of orbiting protoplanets expe-
rience dynamical instability after the gas disc has dispersed, and accrete through
giant impacts, until long term stable systems emerge. Our approach to creating ini-
tial conditions was to take eight of the known Kepler 5-planet systems, and to use
these as templates for producing systems of 20 protoplanets, whose total mass was
the same as the original Kepler systems (under the assumption of a particular mass-
radius relation). For each Kepler template, we considered two different distributions
of initial eccentricities and inclinations, a ‘high set’ for which the maximum values
[emax, Imax] = [0.02, 0.01], and a ‘low set’ for which [emax, Imax] = [0.002, 0.001]. For
each of these sets we also adopted two different routines for handling collisional
growth: a traditional, perfect accretion model that assumes hit-and-stick collisions;
an imperfect accretion model which allows for a range of collision outcomes based
on the prescriptions of Leinhardt and Stewart (2012). One of our main results is
that the simulation outcomes had almost no detectable dependence on the collision
model adopted, and this is because the systems we explored did not dynamically ex-
cite themselves sufficiently for collisions to be highly disruptive. This is in agreement
with the recent study by Mustill et al. (2018). Consideration of more massive plan-
etary systems, however, may lead to outcomes that depend on the collision model
as the enhanced gravitational scattering may lead to higher collision velocities.
Recap of main results
All of the N -body simulations resulted in dynamical instability and collisions be-
tween protoplanets. The mean time-scale for collisions to occur was approximately
3 × 105 orbital periods, measured at the centre of the annulus containing the pro-
toplanets, indicating that the systems had time for dynamical relaxation to occur
during the process of collisional growth. 90% of collisions occurred within 1 Myr,
and we ran the simulations for a total of 10 Myr.
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Figure 3.21.: Cumulative distributions of the planet masses obtained from the simu-
lations and inferred from the Kepler data using the mass-radius relation
described in the text.
The final outcomes of the simulations generally showed good agreement with the
Kepler systems we used as templates, indicating that the procedure adopted for
setting up the simulations gave rise to plausible initial conditions. In particular,
the final distributions of planet masses, orbital period ratios, separations between
neighbouring planets, and intrinsic multiplicities showed good agreement with the
templates on average. Notably, our simulations failed to produce any 1-planet or
2-planet systems. This suggests that if single or double planet systems are intrin-
sically common among the Kepler systems, as has been suggested (Johansen et al.,
2012), then the formation scenario presented here cannot explain them. If the single
transiting planets are instead members of multi-planet systems whose mutual in-
clinations prevent all planets being observed, however, then final assembly through
planet-planet scattering and giant impacts remains plausible (Carrera et al., 2019;
Izidoro et al., 2019). Similarly, widely-spaced pairs of neighbouring planets with
large period ratios are very difficult to explain in a model where the initial distri-
bution of protoplanets is smooth and continuous. For these latter systems, it would
appear necessary for the initial distributions of planetary building blocks to contain
localised concentrations of protoplanets in order to produce the large period ratios
seen in the Kepler data. Alternatively, some other process, such as migration, that
can cause planets to move relative to one another, would need to be included in the
models to explain the well-separated planet pairs that have been observed.
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We undertook synthetic transit observations of the final planetary systems formed
in the simulations. We counted the relative numbers of 1-planet, 2-planet, 3-planet,
..., 7-planet systems detected by the synthetic observations, and compared this with
an appropriate sub-set of the Kepler data that matched the parameters of the model
planetary systems. We found that the simulated systems over-produce, by about a
factor of 2, the numbers of high multiplicity versus low multiplicity systems com-
pared to the Kepler systems. This arises in part because the excitation of mutual
inclinations in our simulations is too small by about a factor of 2, and also because
our planetary systems produce too few low-multiplicity systems. We have examined
the distributions of the masses of the planets obtained in the simulations, and find
that these are smaller than the typical inferred masses of the planets in the Kepler
data set (considering planets with radii < 4 R⊕). Figure 3.21 shows the CDFs of
the planet masses from the simulations and the Kepler planets, and it shows: (i)
the Kepler systems we chose as templates have moderately smaller masses than the
Kepler data set as a whole we are comparing against; (ii) the simulations produce
too many low mass planets compared to both the templates and the Kepler sys-
tems as a whole, because systems with higher multiplicity than 5 are formed. It is
likely that by choosing more massive discs of protoplanets as initial conditions, the
resulting planet masses, and the enhanced scattering they would experience, would
lead to final systems more in agreement with the Kepler data, both in terms of
inferred planet masses and in terms of the distribution of multiplicities, because of
the larger mutual inclinations that would have been excited. This may also result
in eccentricity distributions that are in better agreement with the observations than
we obtained in the simulations presented here. Alternatively, if the final period of
dynamical instability in multiplanet systems is initiated when the planets are es-
sentially fully formed, rather than when the system consists of numerous low mass
protoplanets, then it may be possible to achieve higher eccentricities and mutual
inclinations because the scattering may be stronger and collisions may occur less
frequently.
Recent relevant planet formation studies
In their recent study, Izidoro et al. (2019) were able to construct a population of
planetary systems, that when synthetically observed, provided good agreement with
the Kepler multiplicity distribution. This was achieved by combining simulations
that resulted in resonant chains of planets that became dynamically unstable with
simulations in which the resonant chains remained stable. It is noteworthy that
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only 5% of the included planetary systems were intrinsically 1-planet systems, with
most of the rest being multiple systems in which the mutual inclinations typically
exceeded 4◦. In an earlier study, Moriarty and Ballard (2016) undertook a study of
the multiplicity distributions arising from N -body simulations of planet formation,
adopting a range of surface density profiles and masses in their initial discs of pro-
toplanets and planetesimals. As with our simulations, theirs also formed planetary
systems with intrinsic multiplicities Np ≥ 3, and by suitably combining their differ-
ent simulation results they were able to produce a population of planets that agreed
with the Kepler distribution of multiplicities when their simulated systems were syn-
thetically observed. Hence, it appears that combining a range of initial conditions
for planet formation simulations, that ultimately result in dynamical instabilities
and giant impacts, can lead to systems that collectively provide mutual inclina-
tion and intrinsic multiplicities that agree with observations when their transits are
simulated.
Intrinsic multiplicities from RV studies
The agreement between these simulations and the observations raises an important
question: are essentially all planetary systems intrinsically multiple systems, even
when observed to be singles by transit surveys? And if so, what is the underlying
multiplicity distribution? Transit surveys cannot directly answer this. The detection
of transit timing variations in apparently single planet systems discovered by Ke-
pler, however, shows that a number of these planets have neighbours close to mean
motion resonances (Kane et al., 2019). In addition, the fact that the eccentricities
of single planets appears to be systematically higher than in multiple planet systems
(Mills et al., 2019), indicates that a number of apparently single planets have likely
been subject to gravitational scattering, and hence are members of multi-planet
systems. Radial velocity surveys can in principle detect nearby companions in com-
pact multi-planet systems, assuming modest mutual inclinations, although they are
constrained by limits imposed by spectral resolution, instrument stability and stel-
lar variability, and numerous compact multi-planet systems have been discovered
by this method (e.g. Mayor et al., 2011). Nonetheless, there are hints in the data
that super-Earths do not always come as members of compact multiple systems.
For example, the recently discovered super-Earth orbiting with a period of 233 days
around Barnard’s star indicates a lack of close orbiting planets with similar masses
in that system (Ribas et al., 2018), and certainly none that became anchored at the
inner edge of the protoplanetary disc during their formation, as often occurs in N -
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body simulations of planet formation that involve pebble drift or planet migration.
Similarly, Proxima b, orbiting with a period of 11 days does not appear to have
closely neighbouring planets of similar masses (Anglada-Escudé et al., 2016). While
these are only individual examples, they indicate that not all planetary systems are
compact multiples. Future high precision RV surveys targeted at characterising the
multiplicities of short period super-Earth systems will have the power to determine
the whether or not final assembly of planetary systems via dynamical instability
is the dominant mode of planet formation, or if instead a substantial population
of relatively isolated planets exists that cannot be explained by the giant impact
formation route.
Compact non-resonant systems
Furthermore, compact systems of super-Earths, such as Kepler-11 (Mahajan and
Wu, 2014), that contain planets on low eccentricity orbits, and which are apparently
close to instability, are also difficult to assemble via dynamical instabilities and
giant impacts. Kepler-11 appears to have been assembled in a highly dissipative
environment, presumably in a gaseous protoplanetary disc – which is supported the
low densities of some of the planets (Lissauer et al., 2013), but none of the planet
pairs are in mean motion resonance. Hence, while dynamically quiet formation in a
disc seems necessary, the lack of resonances indicates that disc-driven migration may
not have played an important role in this system. We note, however, that recent
analyses of single and multiple planet migration in inviscid protoplanetary discs by
McNally et al. (2019b) and McNally et al. (2019a), lead to more complex migration
behaviour of planets than has been found to traditionally occur in viscous discs.
Hence, the formation of resonant chains is not a foregone conclusion in inviscid
discs, and such an environment may provide a way of forming systems such as
Kepler-11. A reasonable conclusion is that the observational evidence appears to
indicate that a number of different pathways are required for the final assembly of
planetary systems.
Co-orbital systems
Approximately 1% of our simulations gave rise to pairs of planets in apparently long-
term stable 1:1 co-orbital resonances, occupying both tadpole and horseshoe orbits.
These normally form early in the simulations, when the numbers of protoplanets are
high and the planetary systems are undergoing strong planet-planet interactions.
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The co-orbital pairs arise as a result of three body encounters removing the requi-
site energy and angular momentum from a pair of planets such that the co-orbital
configuration can form. These co-orbital planet pairs occur with equal frequency in
the perfect and imperfect collision model simulations, indicating that the treatment
of collisions has no effect on their formation. In spite of intensive searches through
the Kepler data, no co-orbital planet systems have been found. We note, however,
that there are just over one hundred Kepler systems with known multiplicity ≥ 3
that fall within the parameter ranges covered by our simulations, so a 1% occur-
rence rate, that would agree with the simulations results, leads to an expectation
that just one co-orbital system would have been found. Hence, the current data
set is too small to determine if the observed planets indeed formed from a large
number of protoplanets undergoing dynamical relaxation and collisions, leading to
co-orbital pairs forming with an efficiency of ∼ 1% per system. Future missions,
such as PLATO, will monitor many more stars than Kepler (Rauer et al., 2014),
and hence will place more stringent constraints on the formation histories of compact
multiplanet systems.
Composition changes and envelope loss
Recent observations have indicated the presence of a valley in the distribution of
planet radii for short period Kepler planets (Fulton et al., 2017; Fulton and Petigura,
2018; Van Eylen et al., 2018), and models of envelope photoevaporation suggest that
the position of the valley is most easily explained if the cores of super-Earths that
are subject to photoevaporation are rocky rather than volatile rich (Owen and Wu,
2017; Jin and Mordasini, 2018). In this context, we examined whether or not high
energy collisions during our simulations could significantly modify the compositions
of the final planets relative to the initial protoplanets. In post-processing, we used
the scaling relations between collision energies and compositional changes presented
by Marcus et al. (2010), and examined whether or not high energy collisions occurred
frequently enough that they could remove a large fraction of water-rich mantles of
colliding, differentiated protoplanets whose initial compositions were 50% rock and
50% water-ice. The results of this analysis suggest that collisional stripping of water-
rich mantles cannot explain the fact that the apparently naked cores observed by
Kepler have an Earth-like composition, instead of a mixture of rock and water-ice.
It seems unlikely, therefore, that these now naked cores formed exterior to the ice
line and migrated to their current locations. Using a similar analysis, we also exam-
ined whether or not the impact energies of collisions between protoplanets could be
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sufficient to remove any H/He envelopes they might possess. Our simple analysis
suggests that ∼ 30% of collisions occurring in the simulations could remove gaseous
envelopes, such that planets experiencing multiple collisions would have a high prob-
ability of losing their envelopes completely. Further modelling of this process could
place significant constraints on the collisional history of the observed population
of super-Earths and sub-Neptunes. Compared to the scenario examined here in
which a large number of protoplanets undergo collisional accretion during the final
assembly of exoplanet systems, the exoplanet data likely point to an origin in which
systems of fewer, essentially fully formed planets undergo dynamical relaxation after
dispersal of the gas disc in order to produce the observed orbital architectures, while
undergoing fewer collisions in order to maintain the gaseous envelopes possessed by
a large number of the observed exoplanets.
In future work we will present simulations with a significantly broader range
of initial conditions, to assess the conditions under which dynamical instabilities
in multi-planet systems may have contributed to the final stage assembly of the
observed short-period super-Earths and sub-Neptunes.
115






This chapter mainly follows the material that is contained in Poon and Nelson
(2020). The title of this publication is ‘On the origin of the eccentricity dichotomy
displayed by compact super-Earths: dynamical heating by cold giants ’, and it was
published in volume 498 of the Monthly Notices of the Royal Astronomical Society.
Approximately half of the planets discovered by NASA’s Kepler mission are in
systems where just a single planet transits its host star, and the remaining planets
are observed to be in multiplanet systems. Recent analyses have reported a di-
chotomy in the eccentricity distribution displayed by systems where a single planet
transits compared with that displayed by the multiplanet systems. Using N -body
simulations, we examine the hypothesis that this dichotomy has arisen because inner
systems of super-Earths are frequently accompanied by outer systems of giant plan-
ets that can become dynamically unstable and perturb the inner systems. Our initial
conditions are constructed using a subset of the known Kepler five-planet systems as
templates for the inner systems, and systems of outer giant planets with masses be-
tween those of Neptune and Saturn that are centred on orbital radii 2 ≤ ap ≤ 10 au.
The parameters of the outer systems are chosen so that they are always below an
assumed radial velocity detection threshold of 3 ms−1.
The results show an inverse relation between the mean eccentricities and the
multiplicities of the systems. Performing synthetic transit observation of the final
systems reveals dichotomies in both the eccentricity and multiplicity distributions
that are close to being in agreement with the Kepler data. Hence, understanding
the observed orbital and physical properties of the compact systems of super-Earths
discovered by Kepler may require holistic modelling that couples the dynamics of
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both inner and outer systems of planets during and after the epoch of formation.
4.1. Introduction
At the time of writing more than 4000 exoplanets have been discovered and con-
firmed using various detection methods. More than half of them were discovered by
the Kepler transit survey (Borucki et al., 2010, 2011; Batalha et al., 2013; Burke
et al., 2014; Rowe et al., 2015; Mullally et al., 2015; Coughlin et al., 2016; Thomp-
son et al., 2018). Due to detection biases, most of the Kepler planets have short
periods < 100 days, and less than one percent have orbital periods longer than one
year1. The majority of the Kepler planets have radii between 1 and 4 R⊕, and these
super-Earths and sub-Neptunes are often found in compact multi-planet systems.
Various analyses of the Kepler data have been undertaken to obtain insight into
the formation and evolution of planetary systems. For example, the distribution
of the observed planetary system multiplicities shows a sharp increase for single
planet systems compared to two planet systems (Lissauer et al., 2011b), and this
apparent Kepler dichotomy has been interpreted as either arising because of an
intrinsic excess of single planet systems (Johansen et al., 2012), or alternatively
because of the distribution of mutual inclinations within multi-planet systems (Zhu
et al., 2018). Understanding the origin and nature of this dichotomy would clearly
shed light on the history of formation and dynamical evolution experienced by the
compact Kepler systems. An apparent dichotomy has also been detected in the
distributions of the orbital eccentricities associated with either single or multiple
planet systems (Xie et al., 2016; Van Eylen et al., 2019; Mills et al., 2019). The
Kepler single-planet systems have a mean eccentricity 〈e1〉 ≈ 0.25–0.3, whereas
the multi-planet systems have 〈e≥2〉 ≈ 0.05, indicating the two populations have
experienced different dynamical histories.
Different formation and evolution scenarios have been proposed to explain the
Kepler compact multi-planet systems. A study of the architectures of multi-planet
systems by Pu and Wu (2015) showed that the high multiplicity systems are close to
being dynamically unstable, and these authors suggested that the low multiplicity
systems may have experienced dynamical instabilities and planet-planet collisions,
leading to the low numbers of planets now observed in these systems. Dynami-
cal instabilities during the late stages of formation can lead to the self-excitation
of eccentricities and mutual inclinations within compact planetary systems, and
1All exoplanetary data used in this chapter are from NASA Exoplanet Archive unless stated
otherwise.
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numerous studies of this process have been undertaken (e.g. Hansen and Murray,
2012; Moriarty and Ballard, 2016; Matsumoto and Kokubo, 2017; Izidoro et al.,
2017; Poon et al., 2020, and chapter 3). The results of these studies are generally in
agreement with the data on the mutual separations between the planets, but when
planetary system masses are adopted that are characteristic of those inferred for the
Kepler multi-systems, then the degree of gravitational scattering is insufficient to
provide large enough mutual inclinations or eccentricities to explain the multiplicity
and eccentricity dichotomies described above (e.g. Poon et al., 2020, and chapter 3).
This has led to an alternative hypothesis for explaining the eccentricity dichotomy,
namely that giant planets in the outer regions of planetary systems perturb the
inner systems. Observations show that compact systems of super-Earths can have
outer giant companions. One example is the Kepler-68 system, which contains two
transiting super-Earths/sub-Neptunes (Kepler-68b and c) with orbital periods less
than 10 days, and a third planet (Kepler-68d) that was discovered using the radial
velocity (RV) technique orbiting beyond 1 au (Gilliland et al., 2013; Marcy et al.,
2014). In general, cold gas giant planets are on eccentric orbits, and it is well known
that planet-planet scattering within a system of gas giants can excite eccentricities
to high values (e > 0.3) (Chatterjee et al., 2008; Jurić and Tremaine, 2008; Petrovich
et al., 2014). If a chain of excited outer giants coexists with an inner compact system,
then perturbations can excite the eccentricities and mutual inclinations of the inner
planets (Matsumura et al., 2013; Becker and Adams, 2017; Hansen, 2017; Mustill
et al., 2017; Lai and Pu, 2017; Huang et al., 2017; Pu and Lai, 2018; Zhu and Wu,
2018; Masuda et al., 2020).
In this chapter we explore this idea using N -body simulations, similar to previous
work (e.g. Mustill et al., 2017; Huang et al., 2017), except we explore the effects
of adopting a range of multiplicities for the systems of cold giant planets, and we
choose parameters for the cold giants such that they would be undetectable in RV
surveys that have a detection limit of vRV = 3 ms−1. We construct initial conditions
that consist of inner systems of super-Earths, based on known 5-planet systems
observed by Kepler, and outer systems of giant planets for which the masses are
in the range 15 ≤ mp ≤ 100 M⊕ and the semi-major axes are centred between
2 ≤ ap ≤ 10 au. The results of the simulations are processed through a pipeline that
synthetically observes the systems using the transit method and produces statistics
on the multiplicity and eccentricity distributions for comparison with the Kepler
data. Using these tools, we identify regions of parameter space that produce results
that are close to being in agreement with the data.
This chapter is structured as follows. In Section 4.2 we discuss the selection of
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Figure 4.1.: Masses (M sin i) and semi-major axes of confirmed RV planets (trian-
gles), where planets with host star masses Mhost < 1 M are marked
with downward pointing triangles, and planets with Mhost ≥ 1 M⊕ are
marked with upward pointing triangles. The colours of the triangles
indicate the eccentricities of the planets (they are left unfilled if the
eccentricity is not known). The solid line shows the RV detection limit
(equation 4.1) of vRV = 3 ms−1 induced by a planet on an edge-on cir-
cular orbit around a Solar type star. The majority of RV planets below
the solid line orbit a host star with Mhost < 1 M, making detection
possible. The dashed line is the scattering limit for a planet given by
equation 4.2, assuming a Jupiter-like mean density and Solar type host
star. Solar System planets are marked using red circles for reference.
outer planetary systems for this study, and in Section 4.3 we describe the set-up of
the initial conditions and the selection of the inner planetary system templates. In
Section 4.4 we present the results of our simulations, and in Section 4.5 we present
the synthetic observations of the simulated systems and examine the distributions
of multiplicities and eccentricities that arise. In Section 4.6 we discuss the influence
of physical effects such as a realistic collision model and tidal interactions that were
omitted from our primary suite of simulations, and which could potentially affect
the final results when comparing to the observations. Finally, we discuss our results
and draw conclusions in Section 4.7.
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4.2. Consideration of system selection
Kepler was inefficient at detecting planets with periods greater than 1 year (ap &
1 au) because of detection biases and the mission lifetime. Most of what we know
about longer period planets comes from RV surveys. Figure 4.1 shows the masses
versus semi-major axes for planets discovered by the RV method, demonstrating the
existence of a population of Jovian planets with semi-major axes greater than 1 au.
The RV survey presented by Mayor et al. (2011) indicates that approximately 14%
of Solar type stars host a giant planet with orbital period . 4000 days, whereas it
has been estimated that up to 50% of stars host a super-Earth or sub-Neptune with
orbital period ≤ 100 days (Fressin et al., 2013). Hence it appears that detectable
cold giant planets occur less frequently than the warm super-Earths. In this work
we are working with the implicit hypothesis that each system of inner planets may
be accompanied by a system of outer planets, and hence we need to consider what
that unseen population might look like.
Previous studies of inner systems being perturbed by outer planets focused on the
RV-like planets, for which cold Jupiters are massive enough to generate a detectable









where G is the gravitational constant, mp is the mass of the RV planet, ip is the
inclination of the planet’s orbital plane, ap is the semi-major axis, and M? is the
mass of the host star. We adopt an RV detection limit of vRV = 3 ms−1, and this
limit is indicated in figure 4.1 for an edge-on circular orbit (ip = 90◦; e = 0) around
a Solar type star (M? = 1 M). We see that only Jupiter in the solar system lies
above the detection limit while Saturn is just below the limit.
For outer system planets to be able to induce perturbations on the orbits of
the inner system planets, we need to be in the regime where strong planet-planet
scattering is favoured over planet-planet collisions. Under the conditions of strong
scattering, the velocity kick experienced by a planet relative to a circular Keplerian
orbit should correspond approximately to the escape velocity, ve, from the perturbing
body (e.g., Ford and Rasio, 2008). Strong scattering can arise when ve is larger than
the Keplerian velocity, vK (i.e. ve/vK > 1). The mass of the planet corresponding
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where ρp is the internal mean density of the planet. The dashed line plotted in
figure 4.1 shows the scattering limit for planets orbiting a Solar mass star, assuming
ρp = ρJupiter ≈ 1.33 g cm−3, where planets above the line are more likely to induce
scattering while the planets below the line are more likely to collide during orbit
crossing.
Combining our requirement that the perturbing planets would be undetectable
with long term RV surveys, with the need for them to be in the scattering rather
than collision regime, means that we need to select bodies that lie in the region
bounded by the solid and dashed lines exterior to 1 au in figure 4.1.
4.3. Simulation set-up
We use the N -body code mercury (Chambers, 1999) to undertake the simulations
presented in this chapter. Collisions during the simulations are treated using a
simple hit-and-stick approach that conserves the total mass and linear momentum
when two bodies collide and accrete to form a single object. We have, however,
re-run a small subset of simulations to investigate the effects of adopting a more
realistic collision model, and tidal interactions with the central star, as these effects
were not included in our main suite of simulations. For the initial conditions, we
generate templates for the inner and outer planetary systems, and combine them to
generate each model, as described below.
4.3.1. Inner planetary system templates
We have selected a number of Kepler five-planet systems as templates for the inner
systems using the following criteria. Similar to Poon et al. (2020) and chapter
3, we have selected those Kepler systems where all five of the known planets are
transiting. The Kepler-82 and Kepler-122 systems are excluded because Kepler-
82f (Freudenthal et al., 2019) and Kepler-122f (Hadden and Lithwick, 2014) were
discovered by transit timing variations (TTVs).
We are interested in compact systems of super-Earths, so we have chosen systems
in which the known outermost planet has semi-major axis ≤ 1.0 au or orbital period
≤ 1 yr. The Kepler-150 system is excluded as the outermost planet, Kepler-150f,
has an orbital period of ∼ 1.74 yr (Schmitt et al., 2017). Kepler-444 system is
also excluded because the planets are too small to be considered as super-Earths
(Campante et al., 2015).
We adopt the mass-radius (Mp − Rp) relation Mp = R2.06p suggested by Lissauer
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Figure 4.2.: The eight selected inner planetary system templates. The symbol size
represents the radius of each planet and the colour represents the planet
mass calculated using the mass-radius relationMp = R2.06p adopted from
Lissauer et al. (2011b).
et al. (2011b) for the inner planets, whereMp and Rp are in Earth units. Combining
this mass-radius relation with the initial values of the eccentricities and inclinations
we adopt (see section 4.3.3), leads to some of the Kepler systems becoming unstable,
with at least one planet experiencing a collision during the simulation. Section 4.4.1
describes the results of the stability tests. After excluding the unstable Kepler
systems, eight were selected as the inner planetary system templates. They are
Kepler-32, -55, -62, -84, -154, -186, -238, and -296 (see figure 4.2).
4.3.2. Outer planetary system templates
The masses of the outer planets we adopted lie between 15 M⊕ and 100 M⊕. In
contrast to previous studies of the effects of outer giant planets on inner systems
(e.g. Mustill et al., 2015; Huang et al., 2017; Mustill et al., 2017), our outer giant
planets are below the RV detection threshold discussed above.
The number of outer planets, Nout, in each simulation is one of 3, 6, or 12. Four
different sets of mass are adopted, where Mp,out = 15 , 30, 60 or 100 M⊕. In a given
simulation, all the outer planets start with the same mass. The mutual separation
between each giant planet pair, measured in units of the mutual Hill radius, isK = 4.
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The value of K = 4 was chosen as a compromise between ensuring an instability
actually occurs during the simulations, having a relatively short instability timescale
to make the simulations tractable, and also wanting the instability timescale to
not be so short that the outer planetary systems disintegrate within the first few
orbits of the simulations. We note a similar value has been used in previous studies
(Chatterjee et al., 2008; Petrovich et al., 2014; Mustill et al., 2017).
Three different sets of locations for the outer planets are considered, with the
median semi-major axis for the outer planets, ãout, being 2, 5, or 10 au. The
physical radii of the outer planets, important for determining when collisions occur,
are calculated by defining their mean internal densities to be equal to that of Jupiter
(1.33 gcm−3).
In summary, the parameters for the outer planetary system templates are com-
prised of three different multiplicities, four different masses and three different values
of the median semi-major axis, giving a total of 36 templates that could be gener-
ated for each inner planetary system template. We use a labelling convention based
on the parameters of the outer planet system when describing the runs as follows:
‘(Nout)g.(Mp,out)M.(ãout)AU’. For example, 6g.30M.10AU refers to the outer planet
template with six 30 M⊕ planets and a median semi-major axis of 10 au. Table 4.1
lists all the outer planetary templates we have considered in this study. Figure 4.3
displays the semi-major axis distribution of the outer planetary templates.
4.3.3. Constructing initial conditions for the simulations
To investigate the effects of the outer ice/gas giant planets on the inner super-
Earths, we generate different initial conditions by combining one inner planetary
system template and one outer planetary system template. We label this system
as ‘inner-planetary-template.outer-planetary-template’. For example, the system
template of Kepler55.6g.30M.10AU refers to a run which uses Kepler-55 as the
template for the inner system and 6g.30M.10AU for the outer system. To provide a
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Figure 4.3.: Semi-major axes of the outer planets within different templates (as listed
in table 4.1). Different planet masses are marked in different sizes and
colours. The eight outer templates that are the focus of most of our
runs (see section 4.4.3) are highlighted in pink. The black solid vertical
line marks the semi-major axis of Kepler-55c, which is the outermost
planet of the Kepler-55 system. The pink solid vertical line marks the
semi-major axis of Kepler-62f, which is the outermost planet within
our eight selected inner system templates. Kepler-55 is the system we
selected to study with all outer planetary templates, while Kepler-62
(and other selected inner planetary templates) is only combined with
the eight outer planetary templates described in the text. There is no
immediate dynamical interaction between our inner and outer planetary
systems.
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Table 4.1.: The 36 different outer planet templates considered in the study. The
name of each template follows the convention ‘Noutg.Mp,outM.ãoutAU’.
The eight templates that are the focus of most of our runs (see section
4.4.3) are indicated by the star superscript.













statistically meaningful sample, our aim is to run each of these systems 100 times
with different random initialisations of the orbital elements. This would involve
running 100 simulation for all the combined templates (8 Kepler 5-planet systems ×
36 outer ice/gas giant templates × 100 runs = 28,800 N -body simulations in total),
which is not possible given our available computational resources. To make the
problem tractable, after undertaking a survey of how all the outer system templates
affect one of the inner system templates (Kepler-55), we have selected eight outer
planetary templates to focus on in detail as described in section 4.4.2.
Each template is run with 100 different instances of the initial conditions. The ini-
tial eccentricities, e, of the inner super-Earths are randomly drawn from a Rayleigh
distribution with eccentricity parameter, σe = 0.035. The value of 0.035 is taken
from the analysis of the Kepler systems presented by Mills et al. (2019). The initial
inclinations, I, for each run are randomly drawn from a Rayleigh distribution with
inclination parameter, σI = 0.5σe = 0.0175 radians. For the outer planets, the val-
ues of initial e and I are uniformly distributed within a range of 0 ≤ e ≤ 0.07 and
0 ≤ I ≤ 0.035 radians. The distributions follow the relation of e = 2I, but the initial
values of e and I for each planet are independent. The arguments of pericenter, ω,
longitudes of ascending node, Ω, and mean anomalies, M are distributed uniformly
in the range 0 ≤ (ω,Ω,M) < 2π.
Objects whose orbital distance exceeds 100 au are removed from the simulations.
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The central bodies of each system have their masses and radii taken from the Kepler
data stored in NASA’s exoplanet archive. The time-steps used in the simulations
are set to be 1/20th of the shortest orbital period of the system. Each simulation is
run for 107 yr.
4.4. Results
4.4.1. Stability of the inner planetary system templates
Before embarking on a study of how the inner planetary systems are perturbed by the
outer planets, we begin by considering the dynamical stability of the inner system
templates in the absence of the outer systems. This provides a control set for the
simulations, and demonstrates that the instabilities discussed later in this chapter
are caused by the outer ice/gas giants. We carried out the stability check for all
the selected inner planetary system templates described in section 4.3.1. Adopting
the inner eccentricity and inclination distributions mentioned in section 4.3.3 (i.e.
σe = 0.035 and σI = 0.0175), the simulations show a number of the Kepler system
templates are prone to instability within 107 yr.
Figure 4.4 shows the results for the stability test. 100% of the simulations
for Kepler32, 55, 238, and 296 were stable, while ≥ 97% of the simulations for
Kepler62, 84, 154, and 186 were stable. The simulations for Kepler33, 102, 169,
and 292 showed higher levels of instability, and for this reason we remove these
systems from further consideration. We note that the purpose of this study is not to
specifically assess the stability of the Kepler 5-planet systems, since we have made
assumptions about the mass-radius relationship and the initial eccentricities and
inclinations that may not apply to each of the systems separately. Instead, our
aim is to obtain a sample of stable inner systems, given our assumptions, that can
then be evolved in the presence of outer systems of giants to examine whether or
not the induced perturbations lead to inner systems similar to those that have been
observed.
From now on we consider only the eight inner systems: Kepler32, 55, 62, 84,
154, 186, 238 and 296. The K-values, that quantify the mutual separations between
planets in these systems, are listed in table 4.2, along with the stellar masses. The
minimum value in the table is Kmin = 10.3, which is greater than the Kmin = 7.1
required to ensure stability in a 5-planet system with circular orbits for up to 106
years (Wu et al., 2019), in agreement with the results of our stability tests.
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Figure 4.4.: Stability control test for the selected Kepler 5-planet inner system tem-
plates. The histogram shows the number of stable runs for each tem-
plate out a total of 100 simulations. Systems with high levels of stability
within 107 yr are marked by a purple bar, and the rest are marked in
grey.
Table 4.2.: K-values of the stable Kepler 5-planet system templates. K1 to K4
denote the K-value from the 1st to 4th pair of adjacent planets, respec-
tively, in order of increasing orbital radius. 〈K〉 denotes the arithmetic
mean of K for the system. Starred values are the minimum K-values in
the system, Kmin. The superscripts refer to the following references for
the stellar masses: a) Steffen et al. (2013); b) Batalha et al. (2013); c)
Xie (2014).
System K1 K2 K3 K4 〈K〉 M
Kepler-32 50.4 17.5 22.7 13.3? 26.0 0.58
Kepler-55 23.9 25.6 26.7 10.3? 21.6 0.62a
Kepler-62 35.4 13.9? 52.8 26.8 32.2 0.69
Kepler-84 24.6 11.6? 21.0 13.9 17.8 1.00
Kepler-154 34.5 17.4 10.9? 16.4 19.8 0.89b
Kepler-186 15.8? 28.5 18.0 66.9 32.3 0.54
Kepler-238 33.7 20.3 10.8? 14.9 19.9 1.06c
Kepler-296 17.2 16.2 14.8? 18.0 16.5 0.50
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Figure 4.5.: Occurrence rate for the final inner planet multiplicities for Nout = 3 (3g)
runs on Kepler55. The left panel is the templates with ãout = 2 au,
middle panel is the templates with ãout = 5 au, and right panel is for
the ãout = 10 au templates. Different colour represent their relative
final multiplicity. Multiplicity of 5 (yellow bar) illustrate unperturbed
system and 0 (dark blue bar) for completely destroyed system.
4.4.2. Perturbations by the outer ice/gas giants
It would be time consuming and beyond our computational capabilities to run 100
instances for all combinations of the inner and outer planetary system templates.
To optimise the computational resources, we selected one of the eight stable inner
templates (Kepler55) and ran simulations combining this with all the outer system
templates listed in table 4.1. We ran 100 simulations for each configuration. The
purpose here is to determine which of the outer planet system configurations give
the most promising results, so that we can then focus on these systems in a more
comprehensive study.
The final inner system multiplicities from this set of simulations are shown in
figures 4.5, 4.6, and 4.7, which show the results from the runs with 3, 6 and 12 outer
planets, respectively. In figure 4.5 we can see a drop in the final multiplicities as a
function of ãout. Furthermore, for a given value of ãout, we can also see a decrease in
final multiplicities as the masses of the outer planets increases. As expected, larger
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Figure 4.6.: Same as figure 4.5 but for Nout = 6 (6g) outer templates.
Figure 4.7.: Same as figure 4.5 but for Nout = 12 (12g) outer templates.
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planet masses induce a greater degree of scattering, and closer orbits increase the
probability of outer planets having close encounters with the inner planets systems.
The same behaviour is also seen in figures 4.6 and 4.7.
For the Nout = 3 templates (figure 4.5), the subset with ãout = 10 au shows no
perturbation of the final multiplicities of the inner systems at all. Hereafter, we refer
to these kinds of systems, where the initial and final values of inner multiplicity are
the same (Nin,init = Nin,final), as ‘unperturbed systems’. The 3g.15M.5AU template
also produces unperturbed systems only. The remaining outer templates show that
the occurrence rate of unperturbed systems is between ∼ 30% to ∼ 75%, while the
occurrence rate of ‘completely destroyed systems’ (Nin,final = 0) is in the range of
< 10% to ∼ 50%.
The Nout = 6 templates (figure 4.6) show a very different occurrence rate of unper-
turbed and completely destroyed systems compared to the Nout = 3 templates, and
more generally there is a very obvious trend towards greater degrees of perturbation
of the inner systems as the number of planets in the outer systems increases. For
Nout = 6, the occurrence rate of completely destroyed systems covers a wide range
between ∼ 20 to 100 per cent, while the unperturbed systems also shows a wide va-
riety, from 0 to ∼ 80%. Meanwhile, the proportion of final multiplicities being equal
to 2, 3, and 4 are also higher when comparing to the Nout = 3 templates. Figure 4.7
shows the final multiplicities for the Nout = 12 templates. Most of these templates
resulted in ∼ 80% of the systems being completely destroyed. The templates with
ãout = 10 au are the only ones that result in unperturbed and moderately perturbed
systems among the Nout = 12 templates.
The results shown in figures 4.5, 4.6, and 4.7 agree with our expectations. Much
stronger perturbations are experienced by the inner systems when the outer system
planets are: i) closer; ii) more massive; iii) more numerous. The probability of
having a close encounter between inner and outer planets is obviously larger for
closer in outer systems, and greater degrees of scattering are expected when the
outer planets are either more numerous or more massive.
Based on the results shown in figures 4.5, 4.6, and 4.7, we have selected systems
with six outer planets and with ãout = 5 and 10 au for a more in-depth study. As
highlighted in table 4.1 and figure 4.3, in total this sample contains eight outer
system templates: 6g.15M.5AU, 6g.30M.5AU, 6g.60M.5AU, and 6g.100M.5AU for
ãout = 5 au, and 6g.15M.10AU, 6g.30M.10AU, 6g.60M.10AU, and 6g.100M.10AU
for ãout = 10 au. The reason for choosing these systems is that they covered the
widest range of final multiplicities in our previously described runs (see figure 4.6).
For example, all the runs ofor 6g.100M.5AU show a perturbed inner system, while
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6g.15M.10AU shows a majority of unperturbed systems.
4.4.3. Evolution of Kepler templates with 6-planet outer
systems
As described in section 4.4.2, the templates consisting of 6 outer planets centred
around both 5 and 10 au provide the eight templates we investigate further. Together
with the eight Kepler inner system templates described in section 4.4.1, there are
64 systems that we now focus on. For each system we run 100 simulations.
Dynamical evolution
The perturbations arising from the chaotic dynamics of the outer planets can lead to
very diverse outcomes for a given combination of inner and outer system templates.
Figures 4.8 and 4.9 show the evolution for three different runs from the system
template of Kepler55.6g.60M.10AU, where the top panel shows the semi-major
axis of the planets, the middle panel shows the distance of the pericentre of the
planet’s orbit to the host star, rperi, and the bottom panel shows the evolution of
the eccentricities.
Figure 4.8 shows a run where a single planet survives in the inner system. Ap-
proximately 1000 years after the start of the simulation, the outer system becomes
unstable. This is as expected and compares well to the instability timescales ob-
tained by Chatterjee et al. (2008) when K = 4. As the eccentricities of some of the
outer planets increase, their pericentre distances decrease and start to approach the
inner planets. At t ≈ 4 × 106 yr one of the outer planets has rperi < 0.4 au (thin
orange line), strongly perturbing the inner system. Two inner planets are scattered
to high eccentricities (ep & 0.8), resulting in a collision that forms a single planet
with ep ∼ 0.3. The remaining inner planets collide with the giant interloper, an
outcome that is common during the simulations. If we were to observe the final
state of this system using a transit survey and a viewing position which allows the
remaining inner planet to transit its host star, we would classify this system as a
being a single, high eccentricity super-Earth. The outer planets would not generally
be detectable because of their orbital inclinations with respect to the inner system,
and because their orbital periods are too long for multiple transits to be detected
within the few years of operation of a Kepler-like survey. Furthermore, the outer
planets are below the detection threshold of an RV survey.
The left column of figure 4.9 shows the dynamical evolution of an unperturbed
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Figure 4.8.: Dynamical evolution during a run for the Kepler55.6g.60M.10AU tem-
plate. Top panel: evolution of planet semi-major axes. Middle panel:
evolution of the pericentre distances. Bottom panel: evolution of the
eccentricities. Inner system planets are marked in thick solid lines, the
numbers labelling the final remaining planets are marked on the right
hand side of each plot. Outer system planets are marked using thin
solid lines. This evolution show a system in which only one eccentric
inner planet survives (ep ∼ 0.3).
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Figure 4.9.: Dynamical evolution during two different runs for the template of
Kepler55.6g.60M.10AU, similar to figure 4.8. The left panels show an
unperturbed system in which all five inner planets survive. The right
panels show a completely destroyed system.
system. Even through we label it as unperturbed, the outer planets still experience
chaotic evolution due to the small initial Hill separations. The difference compared
to the previously described run is simply that the outer planets in this simulation did
not make an excursion into the inner system during the chaotic phase. The value of
rperi shows that one of the outer planets got as close as ∼ 0.5 au (thin orange line),
while the outermost inner planet is sitting at ∼ 0.2 au (thick green line). The Hill
separation of this planet pair was greater than 18 throughout the simulation, leading
to only a small perturbation of the inner system, as demonstrated by the evolution
of the eccentricities that remain at essentially their initial values. Again, if we were
to observe the final state of this system using a transit survey, there would be a finite
chance of detecting it as a multi-planet system with low eccentricities, depending
on the viewing angle. Together with the high eccentricity single planet system
that we discussed above, these two systems demonstrate how different evolutionary
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paths originating from similar initial conditions can in principle explain results such
as those presented by Xie et al. (2016), for which the mean eccentricity of single-
systems is 〈e1〉 ≈ 0.25 – 0.3 and for multi-systems is 〈e≥2〉 ≈ 0.05.
An example of evolution leading to a completely destroyed system is shown in
the right column of figure 4.9. Similar to the run shown in figure 4.8, the chaotic
evolution in the outer system reduces rperi so that an outer planet penetrates into
the inner system at ∼ 2.5 × 106 yr. This induces an instability within the inner
system, and allows one of the inner planets (thick yellow line) to accrete the other
four inner planets before colliding with the host star.
Overall in our simulations, the dominant mechanism that generates perturbed
inner systems is strong scattering of outer giants, leading to one or more giant planet
being scattered sufficiently that it passes within the inner system during pericentre
passage (> 95% of the perturbed systems show orbit crossing involving an outer giant
and the inner system). Some previous studies have suggested that perturbations of
inner system can arise because of secular interactions (e.g. Matsumura et al., 2013),
but this mechanism is not commonly seen in our study.
Multiplicities and eccentricities of the inner systems
Before we undertake synthetic observations of the planetary systems resulting from
the N -body simulations, and compare them with the observations, we discuss some
of their intrinsic properties. We find the multiplicities and eccentricities in the final
planetary systems to be very diverse. Figure 4.10 shows the final multiplicities ob-
tained from each of the templates, and these can be compared to the 5 and 10 au
subsets in figure 4.6 which apply only to the Kepler55 system. The overall multiplic-
ities obtained from all 8 inner system templates are very similar to those obtained
from the Kepler55 system, indicating that the dynamics of the outer systems are
the main controller of the evolution of the inner systems.
The trend in the multiplicities displayed by the different outer system templates
is not unexpected. Planet-planet scattering is more effective for systems containing
more massive planets, and planets in the outer systems are more easily able to
penetrate into the inner systems if they orbit closer to the central star. Hence, the
correlations shown in figure 4.10 between final multiplicities of the inner systems
and the properties of the outer systems are easily understood. The 6g.15M.10AU
template shows the largest fraction of unperturbed systems at ∼ 75%, and the
6g.100M.5AU template produced the largest fraction of inner systems that were
completely destroyed system, again ∼ 75% of the total. The 6g.15M.5AU template
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Figure 4.10.: Multiplicity occurrence rates from the simulations of the 8 selected
outer system templates combined with all the Kepler templates. The
left-most histograms are for systems with ãout = 5 au, and right-most
histograms are for the ãout = 10 au.
produced the largest fraction of systems that were perturbed but not completely
destroyed (i.e. 1 ≤ Nin,final ≤ 4).
The final multiplicities of the inner systems at the end of the simulations reflect
different dynamical histories, and in general one might expect higher multiplicities to
arise in systems that have experienced smaller perturbations from the outer planets.
One might also therefore expect the final eccentricity distributions to correlate with
the multiplicities. Figure 4.11 shows eccentricities versus semi-major axes from
all 64 inner/outer template combinations, with each panel showing data for the
different multiplicities (one to five planets). Table 4.3 also lists the mean and median
eccentricities, 〈e〉 and ẽ, for different multiplicities at the end of the simulations.
These values, and figures 4.11 and 4.12, show a clear inverse relation between the
final multiplicities and the values of 〈e〉 or ẽ, as expected. Figure 4.12 shows the
final eccentricity distribution for the unperturbed systems (5-planets, red solid line)
has remained similar to the initial eccentricity distribution (Rayleigh distribution
with σe = 0.035, red dashed line). This can also be compared to the eccentricity
distribution that arose from the simulations performed to check the stability of the
135
4. Dynamical heating by cold giants
Figure 4.11.: Scatter plots of e as a function of a for the final inner planetary sys-
tems. Different panel shows the distribution of different final inner
system multiplicities (from the top-left panel for Nin,final = 1 in order
to bottom-right panel for Nin,final = 5).
Kepler templates, described in section 4.4.1 (denoted by the grey dashed line in
figure 4.12). The similarity between these three distribution shows that if the inner
system retains the original multiplicity, the perturbations from the outer systems
are small and do not significantly excite the inner systems.
The single planet systems (blue solid line in figure 4.12 and left panel in figure 4.11)
are the most eccentric on average. The e-distribution for 1-planet systems is well
fitted by a Rayleigh distribution with σe = 0.410 for e < 0.6 (figure 4.12, magenta
dashed line), but these systems did not provide enough high eccentricity planets
with 0.6 < e < 1 to fit the large eccentricity end of the Rayleigh distribution.
The e-distribution for 2-planet systems (green solid line) is similar to the Rayleigh
distribution with σe = 0.167 (blue dashed line, the suggested Rayleigh distribution
eccentricity parameter for observed single-planet system suggested by Mills et al.
(2019)). We note that we are looking at the intrinsic properties of the systems here,
and not those derived from a set of synthetic transit observations, so the fact that the
simulated 1-planet systems do not match the Rayleigh distribution for σe = 0.167
is not particularly relevant, as we discuss later in this chapter when we examine the
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Table 4.3.: Mean (〈e〉), median (ẽ), and standard deviations (σ) of the eccentricity
of planets in the final inner systems from the focused outer templates
runs. Different column represent different final inner multiplicities. The
eccentricity distributions with values of 〈e〉, ẽ , and σ listed here are
shown in figures 4.11 and 4.12.
Multiplicity
1 2 3 4 5
〈e〉 0.48 0.24 0.15 0.10 0.06
ẽ 0.48 0.21 0.12 0.08 0.05
σ 0.21 0.16 0.11 0.09 0.06
Figure 4.12.: Cumulative distribution functions, CDFs, of the final inner system
planet eccentricities obtained from the focused templates simulations.
The solid lines correspond to the distribution of different Nin,final-planet
systems. For comparison, the blue, red, and purple dashed line show
the distribution of eccentricities drawn from Rayleigh distributions
with eccentricity parameters σ = 0.167, 0.035, and 0.410 respectively.
The gray dashed line is the CDF drawn from the set of control (with
no outer planetary system, section 4.4.1).
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Figure 4.13.: CDFs of the inner planet semi-major axes obtained from 64 different
combinations of inner/outer templates. Different line colours represent
different multiplicities. The grey line represents the CDF of the initial
semi-major axes.
results of synthetic transit observations of the simulated systems (see section 4.5).
Figure 4.13 shows the cumulative distribution functions for the final semi-major
axes of the simulated planets as a function of the final multiplicity. Unlike in fig-
ure 4.12, the semi-major axis distributions do not vary strongly with multiplicity,
and are very similar to the initial values. The right panel of figure 4.11 shows a
pattern of vertical strips indicating that the planets in the unperturbed systems did
not move away from their original semi-major axes significantly. Furthermore, we
also observe a tendency for the innermost and outermost planets to be the most ec-
centric for the systems containing 3, 4 and 5 planets. The outermost planets in these
systems have experienced the strongest perturbations due to the outer planets, and
hence show enhanced eccentricities. The innermost planets that display the largest
eccentricities, however, obtained these larger values because of the redistribution of
angular momentum deficit (AMD, Laskar and Petit, 2017) within some of the inner
planetary systems during the evolution described in Sect. 4.4.1, prior to the runs
being performed with the giant planets having been inserted. This point is discussed
further in appendix A.4. For lower multiplicities these patterns becoming increas-
ingly indistinct, which together with the eccentricity distributions mentioned above,
indicates that the planets in small multiplicity systems have experienced stronger
scattering, as expected.
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Table 4.4.: Final multiplicity occurrence rates for a selection of outer system tem-
plates (where planets have final a > 1). Rates in the right-most column
are the sum of the occurrence rates for multiplicities of 2 and 3. Note
that systems recorded as having zero giant planets actually have surviv-
ing planets with a < 1.
Multiplicity occurrence rate (%)
Outer template 0 1 2 3 4 5 6 {2, 3}
3g.15M.2AU 0 4 82 14 - - - 96
3g.30M.2AU 0 16 82 2 - - - 84
3g.60M.2AU 2 56 42 0 - - - 42
3g.100M.2AU 1 64 54 1 - - - 55
6g.15M.2AU 0 7 30 44 19 0 0 74
6g.30M.2AU 0 18 58 24 0 0 0 82
6g.60M.2AU 0 47 49 4 0 0 0 53
6g.100M.2AU 1 64 34 1 0 0 0 35
6g.15M.5AU 0 0 0 2 25 56 17 2
6g.30M.5AU 0 2 14 37 44 3 0 51
6g.60M.5AU 0 16 53 30 1 0 0 83
6g.100M.5AU 0 39 53 8 0 0 0 61
6g.15M.10AU 0 0 0 2 3 38 57 2
6g.30M.10AU 0 0 1 21 37 37 4 22
6g.60M.10AU 0 12 35 40 12 1 0 75
6g.100M.10AU 0 27 61 11 1 0 0 72
4.4.4. Multiplicities and eccentricities of the outer systems
The outer planet templates we consider in this study are at or below the RV detection
limit (assumed to be 3 ms−1) and are not amenable to transit surveys. Hence,
the outcomes of our N -body simulations cannot be compared with observations.
Previous studies have focused on outer giant systems comprised of planets that
are above the RV detection limit (e.g., Chatterjee et al., 2008; Petrovich et al.,
2014; Huang et al., 2017). Jurić and Tremaine (2008) suggested that the dynamical
evolution of initially high multiplicity giant systems (Ninit > 3 and mp > 0.1 MJ ∼
32 M⊕) are likely to result in a lower multiplicity (Nfinal = {2, 3}). A subset of our
simulations with initial conditions lying within those ranges (e.g., 6g.60M.5AU and
6g.100M.10AU) agree with Jurić and Tremaine (2008), where the final systems with
Nout,final = {2, 3} make up the majority (see right column of table 4.4). On the other
hand, a subset of our simulations do not lie within the parameter space studied by
Jurić and Tremaine (2008). Our outer system templates include planets with masses
smaller than 0.1 MJ. For those systems (e.g. 6g.15M.5AU and 6g.30M.10AU), the
majority of systems no longer end up with multiplicities of 2 or 3. For example,
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the template 6g.15M.5AU ended up with only 2 % of systems having 2 or 3 planets.
A correlation between the final multiplicities and the masses of the planets can be
seen in table 4.4, where the lower mass planets maintain a higher final multiplicity
due to less efficient scattering.
The upper panel of figure 4.14 shows the eccentricities versus semi-major axes
of the outer giant planets from the Kepler55.3g (Nout,init = 3) runs. According
to table 4.4, most of the systems in this subset end up with Nout,final = 2. This
agrees with previous studies that considered three outer planets, where Nout,final = 2
is the most common outcome (e.g., Petrovich et al., 2014; Huang et al., 2017).
Furthermore, the 2-planet systems show a v-shaped distribution, which can also be
seen in the simulation results of Chatterjee et al. (2008), Petrovich et al. (2014),
and Huang et al. (2017). Similar to Chatterjee et al. (2008), we demonstrate that
there exists a separation between the inner and outer planets in the population of
the 2-planet systems. A clear division between the two sub populations can be seen,
where the inner planet tends to follow the apoapsis, a = ain/(1 + e), of the initial
innermost planet (left dashed line in figure 4.14), and the outer planet tends to
follow the periapsis, a = aMid/(1 − e), of the middle planet of the three original
planets (right dashed line). The ain and aMid that applied to the dashed lines in
figure 4.14 are 1.51 and 2.00 au respectively, where this value came from the semi-
major axes of the innermost and middle planets in the outer systems that make up
the Kepler55.3g.100M.2AU template.
The v-shaped distribution seen in the upper panel cannot be seen in the results
from the higher initial multiplicity templates, such as Kepler55.6g.2AU (figure 4.14,
bottom panel), because the larger amount of scattering washes this feature out.
This feature can also not be seen in the e versus a plot for the observed RV planets
shown in figure 4.15, indicating that this population is not consistent with it being
the result of scattering from initial conditions similar to those in the Kepler55.3g
(Nout,init = 3) runs.
4.5. Synthetic observation of the final planetary
systems
The multiplicity of a planetary system observed using the transit method depends on
the viewing angle, intrinsic multiplicity and mutual inclinations between the planets
within the system, the radius of the host star and orbital radii of the planets (where
we have ignored the effect of the finite planet radius). To compare the outcomes
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Figure 4.14.: Scatter plots e versus a for the final outer planets resulting from a
subset of the Kepler55 runs. Different symbols represent the different
values of Nout,final. For the Nout,final = 2 case, the inner planets are
marked in red while the outer planets are marked in blue. The upper
panel shows results for systems where the outer systems had Nout,init =
3 planets and ãout,init = 2 au. The left dashed line denotes the value
of a = 1.51/(1 + e) and the right dashed line denotes the value a =
2.0/(1− e). The bottom panel shows the e versus a distribution from
a subset of outer templates with Nout,init = 6 and ãout,init = 2 au.
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Figure 4.15.: Eccentricities versus semi-major axes of the observed RV planets.
1-planet systems are marked as green circles, 2-planet systems are
marked as pink crosses, 3-planet systems are marked as black triangles,
and RV systems with multiplicities higher than three are marked with
unfilled black diamonds.
of our N -body simulations with analyses of Kepler data relating to the multiplicity
and eccentricity dichotomies, we now present the results of synthetically observing
the simulation results.
Each simulated planetary system is synthetically observed from 10,000 randomly
chosen viewing locations, isotropically distributed with respect to each host star.
We only consider planets that are within the inner planetary system (ap < 1 au).
As the smallest planet we considered in the simulations (Kepler-62c) is a confirmed
Kepler planet, we assume all planets satisfy the observation limits of a Kepler-like
survey.
4.5.1. Observed multiplicities
Following the approach of Johansen et al. (2012), we consider the relative numbers
of one-planet, two-planet, ..., five-planet systems detected when the simulation out-
comes are synthetically observed. Similar to section 1.3.2 and Poon et al. (2020),
using the observed numbers of one-planet, two-planet, etc. systems, we then define
a Transit Multiplicity Ratio (abbreviated to TMR hereafter) as follows:
TMR(i : j) =
Number of i-planet systems
Number of j-planet systems
, (4.5)
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Figure 4.16.: Synthetic TMRs from the simulations. Different coloured bars denote
TMRs of different outer templates. The green dashed vertical lines
show the TMRs of the initial inner systems, the black vertical lines
show the observed Kepler TMRs, and the blue dotted lines show the
TMRs obtained from N -body simulations of in situ formation of super-
Earths in chapter 3.
where i and j represent the numbers of planets detected during each synthetic
observation of each system.
The TMR values obtained are shown in figure 4.16. The coloured histograms
show the values obtained for each of the outer system templates, the jade vertical
dashed lines mark the TMR values of the initial conditions, the black vertical lines
mark the TMRs from the Kepler data, and the blue vertical dotted line shows the
results obtained in chapter 3 from its simulations of in situ formation of super-Earth
systems.
The TMRs drop below the initial values for all outer templates and for all mul-
tiplicity ratios. For the 2:1 and 3:2 TMRs, the systems with ãout = 5 au provide
somewhat better fits to the Kepler TMRs than those with ãout = 10 au. Considering
the 2:1 TMR panel in particular, the 6g.15M.5AU, 6g.60M.5AU, and 6g.60M.10AU
templates have an almost exact match to the Kepler 2:1 TMR. Very close agree-
ment is obtained between the Kepler 3:2 TMR and those produced by the templates
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6g.15M.5AU, 6g.30M.5AU and 6g.60M.5AU. Apart from the 6g.15M.5AU template,
however, the 3:2 TMRs obtained from the synthetic observations are higher than
obtained from the Kepler data, indicating that the simulations are over-producing
systems of 3 transiting planets relative to 2 transiting planets. Indeed, for higher
multiplicity ratios than 2:1 more generally, the simulated TMRs are higher than
the corresponding Kepler TMRs, suggesting that the mutual inclinations within the
simulated systems are smaller than among the Kepler systems.
When considering the TMRs across all multiplicity ratios, we see that the tem-
plate 6g.15M.10AU is consistently a factor of ∼1.5-2 above the corresponding Kepler
TMRs, and can be considered the worst performing template. The TMRs for this
template remain closer to the initial values compared to the others, because the ma-
jority of final systems for this template are unperturbed systems (see figure 4.10), so
it is expected that the change in TMRs would be limited. While no template fits the
Kepler TMRs for all multiplicity ratios, the best performing overall are 6g.15M.5AU,
6g.60M.5AU, 6g.100M.5AU and 6g.60M.10AU. Each of these provides a decent fit to
the Kepler TMRs for three of the multiplicity ratios considered in figure 4.16, and
each performs relatively poorly in one of multiplicity ratios.
In figure 4.16, comparison can also be made between the simulated TMRs to the
TMRs from the in situ formation simulations in chapter 3 and Poon et al. (2020),
where the mutual inclinations of the super-Earths are self-excited by gravitational
scattering between the planets as they form. In general (except for the 3:2 TMR for
6g.15M.10AU), the TMRs obtained in this current study are in significantly closer
agreement with the Kepler observations than those obtained for systems that do not
experience perturbations from outer planets.
4.5.2. Eccentricity distributions
In a recent study, Xie et al. (2016) suggested that the mean eccentricity of Kepler
single planet systems is significantly higher (〈e〉 ≈ 0.3) than that of the multi-planet
systems (〈e〉 ≈ 0.04). More recently, Mills et al. (2019) also showed there is an
eccentricity dichotomy, and they obtained 〈e〉 ≈ 0.21 for singles and 〈e〉 ≈ 0.05 for
multi-planet systems.
Recent studies that consider the dynamics of planets in compact inner systems
show that a small dichotomy arises between the eccentricities of the single and
multi-transiting systems, but these fail to reproduce the large eccentricity values for
the 1-planet systems (e.g. chapter 3; Poon et al., 2020; MacDonald et al., 2020).
An increase in the orbital eccentricity of a planet can be induced by planet-planet
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scattering, but this is limited to producing values ep ∼ ve/vK, where ve and vK
represent the escape velocity from a planet and the Keplerian velocity. Van Eylen
et al. (2019) and Poon et al. (2020) argued that higher mass components are needed
in order for scattering to produce systems with high enough eccentricities to match
the observations (see also chapter 3).
Table 4.5 lists the mean and median eccentricities from our synthetic transit
observations. Each template shows a clear eccentricity dichotomy, where the values
of the means and medians of the eccentricities for single-transiting systems are always
larger than the values for multi-transiting systems ({〈e1〉, ẽ1} > {〈e≥2〉, ẽ≥2}). The
dichotomy signal becomes stronger as the masses of the outer planets increases and
the initial orbital radii decrease. For example, the 6g.100M.5AU template gives
{〈e1〉, 〈e≥2〉} = {0.25, 0.08}, while the template with lower mass, 6g.15M.5AU, gives
{〈e1〉, 〈e≥2〉} = {0.15, 0.07}. The template 6g.15M.10AU has the lowest mass and
the most distant outer planets, and only displays a small eccentricity dichotomy
signal ({〈e1〉, 〈e≥2〉} = {0.11, 0.06}). The value of {〈e1〉, 〈e≥2〉} for the template
6g.15M.10AU is only slightly higher than the value for the control set of simulations
(only the inner Kepler templates and no outer systems), as the multiplicities shown
in figure 4.10 illustrate that ∼ 75 % of the runs using this template resulted in an
unperturbed system.
Rather than just considering the mean and median values of the eccentricity distri-
butions, Mills et al. (2019) supposed the distributions follow a Rayleigh distribution
and concluded that under this assumption the eccentricity parameters σe = 0.167
and 0.035 gave the best fits to the Kepler single and multiple systems, respectively.
Figure 4.17 shows the eccentricity distributions of the synthetically observed single
and multiple systems (thick solid blue and red lines) from the 6g.60M.5AU template,
together with the Rayleigh distributions suggested for the Kepler single and multiple
systems (dashed blue and red lines) (Mills et al., 2019). Similar plots for all eight
outer system templates are shown in figures A.14 and A.15 in the appendix, and
although they differ in detail the plots show similar behaviours and trends. In fig-
ure 4.17 we see that the synthetically observed e-distribution for the single-transiting
systems does not follow a Rayleigh distribution very closely, but nonetheless it has a
median eccentricity very similar to that of the suggested Rayleigh distribution with
σe = 0.167. For the multiple systems, their distributions are closer to a Rayleigh
distribution, and we see that as the multiplicity decreases there is a tendency for the
eccentricities to increase. For example, the 2-planet systems produce a more eccen-
tric distribution than the 4- or 5-planet systems, and this is because on average the
lower multiplicity systems come from observations of systems that have been more
145
4. Dynamical heating by cold giants
Table 4.5.: Mean (upper table) and median (lower table) eccentricity of the inner
systems obtained by the synthetic transit observations in different outer
templates. The observed mean eccentricities are listed by their observed
multiplicity. The subscript 1 represents the single-transit systems and
subscript ≥ 2 represents the multi-transiting systems. The control set
did not include outer systems in the runs (see section 4.4.1).
Mean eccentricity
Template 〈e1〉 〈e2〉 〈e3〉 〈e4〉 〈e5〉 〈e≥2〉
6g.15M.5AU 0.21 0.10 0.07 0.05 0.06 0.09
6g.30M.5AU 0.23 0.09 0.05 0.05 0.06 0.09
6g.60M.5AU 0.25 0.09 0.06 0.05 0.05 0.07
6g.100M.5AU 0.25 0.08 0.06 0.04 0.05 0.08
6g.15M.10AU 0.11 0.06 0.05 0.04 0.05 0.06
6g.30M.10AU 0.17 0.08 0.06 0.05 0.05 0.08
6g.60M.10AU 0.23 0.11 0.07 0.05 0.06 0.10
6g.100M.10AU 0.22 0.11 0.06 0.05 0.04 0.08
Control 0.08 0.05 0.04 0.04 0.04 0.05
Median eccentricity
Template ẽ1 ẽ2 ẽ3 ẽ4 ẽ5 ẽ≥2
6g.15M.5AU 0.15 0.08 0.06 0.04 0.06 0.07
6g.30M.5AU 0.17 0.07 0.04 0.04 0.06 0.07
6g.60M.5AU 0.20 0.07 0.05 0.04 0.04 0.06
6g.100M.5AU 0.23 0.07 0.05 0.04 0.05 0.06
6g.15M.10AU 0.08 0.05 0.04 0.04 0.04 0.05
6g.30M.10AU 0.11 0.06 0.05 0.04 0.05 0.06
6g.60M.10AU 0.16 0.09 0.06 0.05 0.06 0.07
6g.100M.10AU 0.16 0.07 0.05 0.04 0.04 0.06
Control 0.07 0.05 0.04 0.04 0.04 0.05
strongly perturbed by the outer planets. Hence, the synthetically observed systems
show the same inverse relation between eccentricity and observed multiplicity that
was noted in section 4.4.3 when discussing the intrinsic properties of the simulated
planetary systems, albeit at a lower level of significance.
Figure 4.17 also shows that the 2-planet systems (yellow line) provide the main
contribution to the eccentricity distribution for all multi-planet systems (thick red
line), and the effect of this is to shift the eccentricity distribution away from that
displayed by the control set that characterises the dynamics of the unperturbed
inner systems, to one corresponding to systems that are more dynamically excited.
This effect reduces the dichotomy signal between the single and multiple systems
that comes out of the synthetic observations because the detected 2-planet systems
are generally more excited than the higher multiplicity systems.
Considering both the TMRs and the mean eccentricities together, the template
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Figure 4.17.: CDFs of the eccentricities obtained from the synthetic observations of
the simulations for the 6g.60M.5AU template. For comparison, the
CDFs of eccentricities drawn from Rayleigh distributions with eccen-
tricity parameters σ = 0.167 and σ = 0.035 are also plotted.
6g.60M.5AU appears to be the best performing overall. The mean eccentricities for
single and multiple systems show a strong dichotomy {〈e1〉, 〈e≥2〉} = {0.25, 0.07}
that is in decent agreement with the Kepler eccentricity dichotomy {〈e1〉, 〈e≥2〉} =
{0.3, 0.04} (Xie et al., 2016) or {〈e1〉, 〈e≥2〉} = {0.21, 0.05} (Mills et al., 2019). The
2:1, 3:2 and 5:4 TMRs are in very good agreement with the Kepler TMRs, with only
the 4:3 TMR being in significant disagreement. The template 6g.100M.5AU also
performs well, while for the more distant systems of outer planets centred around
10 au the template 6g.60M.10AU is the best performing.
4.6. Impact of additional physics
In this section we consider the impact of different physical processes that were not
included in the main suite of simulations presented in earlier sections.
4.6.1. Relativistic precession
Precession due to General Relativity (GR) can become a significant effect for plan-
ets orbiting close to their host stars, and in particular can influence the secular
interactions within planetary systems, as shown for example in the recent study by
Marzari and Nagasawa (2020). As discussed in section 4.4.3, the dominant effect
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that perturbs the inner systems in our study is the mutual scattering of outer giants,
such that during pericentre passage they enter the inner system and cause strong
scattering of the planets there. We do not expect GR to provide a stabilising ef-
fect in this situation, and this expectation appears to be confirmed by Huang et al.
(2017), who examined the influence of GR in their study of planetary scattering.
4.6.2. Planet-planet collisions
Our simulations adopted a perfect merger treatment of planet-planet collisions, and
a more realistic prescription might lead to removal of mass from the colliding bodies
(Leinhardt and Stewart, 2012; Stewart and Leinhardt, 2012), especially for high-
velocity close-in and eccentric collisions. To investigate the changes to our main
results that arise when using a more realistic collision model, we have rerun a sub-
set of simulation using a version of symba (Duncan et al., 1998; Poon et al., 2020;
Scora et al., 2020), which implements the collision algorithm from Leinhardt and
Stewart (2012). Here, the outcome of a collision falls into one of nine regimes:
supercatastrophic disruption, catastrophic disruption, erosion, partial accretion, hit-
and-spray, hit-and-run, bouncing collision, graze-and-merge, and perfect merger,
depending on the collision conditions. The total mass before and after a collision is
conserved and obeys the relation of,
MTotal = MLR +MSLR +MTotal,debris, (4.6)
whereMTotal is the total mass of the colliding bodies before the collision, MLR is the
mass of the post-collision largest remnant, MSLR is the mass of the second largest
remnant, and MTotal,debris is the total mass of the debris particles that generated
during the collision. For a detailed description of the adopted version of symba,
we refer the reader to the model descriptions in section 2.1, Poon et al. (2020) and
Scora et al. (2020).
We consider the runs from the subset labelled 6g.60M.5AU (8 inner planetary
systems × 100 runs each = 800 runs in total). Given we are using symba and not
mercury for these simulations, we ran the same 800 set of initial conditions using
both perfect accretion and the more realistic collision model. Figure 4.18 shows
the cumulative distribution function of eccentricities obtained from the synthetic
transit observation of the final systems. The different collision models provide similar
distributions of the observed eccentricities for both single- and multi-transit systems.
They lead to similar mean and median values, where the perfect accretion models
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Figure 4.18.: CDFs of the eccentricities obtained from synthetic observations of the
simulation outcomes for the 6g.60M.5AU template by the perfect (dot-
ted lines) and the realistic (solid lines) accretion model. The dotted
lines are the same as the thick solid lines from figure 4.17 in the same
colours. The p-values from the K-S test are p1 = 0.11 and p≥2 = 0.07.
have {〈e1〉, ẽ1, 〈e≥2〉, ẽ≥2} = {0.25, 0.20, 0.07, 0.06} (table 4.5) and realistic collision
models have {0.25, 0.18, 0.07, 0.06}. Moreover, the Kolmogorov-Smirnov test (K-S
test) between the two sets of synthetically observed eccentricities yields p-values for
the single- and multi-transit of p1 = 0.11 and p≥2 = 0.07, respectively. Poon et al.
(2020, see also appendix A.1) demonstrates that the re-accretion of the collision
debris occurs quickly (on a time-scale of 103 yr) and most of the debris (>80 %) is
re-accreted back by the largest/second largest remnant. This test shows that our
results are insensitive to the collision prescription used in the simulations.
4.6.3. Tidal dissipation
The simulations presented in this study considers the dynamics of close-in super-
Earths, for which tidal interactions with the central star could lead to significant
eccentricity damping. Goldreich and Soter (1966) (see also Jackson et al., 2008)
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Figure 4.19.: CDFs of the tidal eccentricity damping time-scale obtained by equation
4.7. The vertical dashed line marked the 10 Myr time (main simulation
runtime) and the dotted line marked the 1 Gyr time.
where Rp is the radius of the planet and Qp is the tidal dissipation parameter.
Figure 4.19 shows the values of τtidal obtained from equation 4.7 with the value
of Qp = 100 for all the planets contained in the inner planetary templates. The
appropriate value of Qp is uncertain, and is thought to range between 100 . Qp .
104, with smaller values applying to Earth-like bodies and the larger values applying
to planets with significant gas envelopes. For the adopted value of Qp we see that
10 % of the planets in the inner systems have τtidal smaller than the simulation
runtime of 107 yr, and more importantly ∼ 50% of the planets have τtidal ≤ 1 Gyr,
indicating that tides should play an important role over the typical ages of the
Kepler systems.
Equation 4.7 shows that the eccentricity damping time is a strong function of semi-
major axis, and hence within a multiplanet system we would expect the inner-most
planet to experience the strongest tidal damping. Secular interactions combined with
tidal dissipation, however, can increase the efficiency with which the eccentricities of
more distantly orbiting planets are damped, and hence it is necessary to consider the
coupled evolution of entire planetary systems when considering the effects of tidal
dissipation on the observed eccentricity distribution. To examine the effect of tides
on our results, we have extended the simulations labelled as 6g.60M.5AU, including
tidal forces on all planets operating on timescales given by equation 4.7. Ideally we
would run the simulations for 1 Gyr, but this is not possible for the short-period
150
4. Dynamical heating by cold giants
systems we are considering, so we instead adopt the value of Qp = 1 and a runtime
of 10 Myr, which should be equivalent to running the simulations for 1 Gyr with
Qp = 100 because of the linear relationship between Qp and τtidal .
Figure 4.20 shows the eccentricity distributions for the 6g.60M.5AU subset of runs,
where the upper panel shows the results after the first 10 Myr without tidal forces
applied and the lower panel shows the results after another 10 Myr during which
tidal damping was applied. The colour for each data point illustrates the fractional
change of eccentricity, ∆e = (ei−ef)/ei. As expected, tidal damping is more effective
for close-in planets (a . 0.1 au). The heavily damped planets (blue data points)
contain ∼ 30− 40 % of the overall population, which is similar to the CDF value at
109 yr from Figure 4.19. These heavily damped planets end up in essentially circular
orbits.
Figure 4.21 compares the synthetically observed eccentricity distributions for the
systems with and without tidal damping. Around 35 % of the single-transiting
planets and 20 % of the planets in multi-transiting systems end up with very low
eccentricities (e < 0.01), and we see in general that tides cause a significant shift in
the observed eccentricity distributions of both single- and multi-transiting systems.
A contributing factor in explaining these changes is the fact that the most heavily
damped planets are also the innermost planets of the systems, which have the highest
probability to transit (P ∼ R?/ap). However, more distantly orbiting planets are
also observed, and these are not strongly affected by tides, and so contribute a
significant number of high eccentricity planets to the observed distributions. It is
interesting to note that a clear eccentricity dichotomy is maintained, even in the
presence of eccentricity damping, when comparing the eccentricities of single- and
multi-transiting planets.
The shifted eccentricity distributions have mean and median eccentricities of
{〈e1〉, ẽ1} = {0.17, 0.11} and {〈e≥2〉, ẽ≥2} = {0.04, 0.04}, which are clearly smaller
than those obtained from the 6g.60M.5AU simulations without eccentricity damp-
ing: {〈e1〉, ẽ1} = {0.25, 0.20} and {〈e≥2〉, ẽ≥2} = {0.07, 0.06}. Hence, these values
are significantly influenced by tides, as expected, but also maintain a significant
dichotomy between single- and multi-transiting systems. This dichotomy signal is
stronger than that which arises from the in situ self scattering model (e.g. Poon
et al., 2020).
Compared to the Kepler systems examined by Mills et al. (2019), for which
{〈e1〉, 〈e≥2〉} = {0.21, 0.05}, we see that the simulations with tides applied now
produce moderately smaller values of the mean eccentricities compared to the Ke-
pler systems. We note, however, that Mills et al. (2019) list the seven most eccentric
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Figure 4.20.: Eccentricities versus semi-major axes of the simulation results from
6g.60M.5AU template. Upper panel: the simulation results from the
main simulations (10 Myr N -body, without tidal dissipation); Lower
panel: the simulation results of the next 10 Myr N -body + 1 Gyr
adopted tidal evolution. The colour for each data point illustrates the
fractional change of eccentricity, ∆e.
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Figure 4.21.: CDFs of the eccentricities obtained from the synthetic observations of
the simulations for the 6g.60M.5AU template by the 10 Myr no tidal
damping model (dotted lines) and the next 10 Myr + 1 Gyr tidal
damping model (solid lines). The dotted lines are the same as the
thick solid lines from figure 4.17 in the same colours.
single-transiting systems in their table 1, and five out the seven have orbital periods
in excess of 16 days. Furthermore, six out of the seven planets have radii ≥ 2.2 R⊕,
such that the appropriate value of Qp may significantly exceed our adopted value of
Qp = 100 if these planets have significant gas envelopes. Hence, it seems likely that
the most eccentric Kepler systems identified by Mills et al. (2019) have orbital and
physical parameters that render tidal eccentricity damping relatively ineffective over
Gyr timescales. Mills et al. (2019) consider the possibility that the single-transiting
systems are actually composed of two sub-populations: low and high eccentricity
systems. Our results support this hypothesis, and show that these two populations
can be explained by tidal eccentricity damping.
4.7. Discussion and conclusions
We have presented the results of N -body simulations of outer systems of giant plan-
ets that coexist with inner compact systems of super-Earths. The outer planetary
systems are set up to become dynamically unstable, and the purpose of this study
is to examine whether or not perturbations from the outer planets, acting on the
inner systems, are able to generate dichotomies in the multiplicity and eccentricity
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distributions that agree with the Kepler data for compact systems of super-Earths.
There have been previous studies of the influence of outer giant planets perturbing
inner systems (Mustill et al., 2017; Huang et al., 2017), and in this work we have
examined the influence of the multiplicities, orbital radii and masses of the planets
that make up the outer systems. We have considered systems of Nout = 3, 6 and
12 outer planets, that are centred on orbital radii ãout = 2, 5 and 10 au. The
planet masses were varied between Mp,out = 15 and 100 Earth masses, and we chose
parameters that ensure these bodies would be below the detection thresholds of long-
term RV surveys. The inner systems were set up using eight of the known 5-planet
systems that were discovered by Kepler as templates. We ran 100 simulations for
each combination of inner and outer system templates considered.
The final multiplicities of the inner systems are found to be highly dependent on
the architectures of the outer systems. The multiplicity tends to be smaller when
the initial values of Nout and Mp,out increase and ãout decreases. Some outer system
templates fail to induce significant perturbations on the inner systems, leaving the
multiplicity unchanged (‘unperturbed systems’), while other outer system templates
induce very strong perturbations, leading to instabilities in the inner systems in all
runs performed for that template.
For outer systems with Nout = 3 and ãout = 10 au, the gravitational scatterings
among the outer planets are not strong enough for any of the giant planets to come
close enough to the inner systems to generate noticeable disturbances. On the other
hand, the Nout = 12 systems generated strong perturbations on the inner systems,
and only the subset of runs with ãout = 10 au allows some systems to survive
relatively unperturbed. Except for the 12g.15M.10AU template, all other Nout = 12
templates have an ∼ 80 per cent chance of completely destroying the inner system,
while the other ∼ 20 per cent mostly have one inner planet surviving. Hence, the
occurrence rates of inner systems of planets that arise from the Nout = 12 runs are
much smaller than implied by the Kepler data for planets around Solar-type stars
(Fressin et al., 2013; Petigura et al., 2013). A recent analysis by Zhu et al. (2018)
suggests the mean multiplicity of super-Earth systems with periods < 100 days is
∼ 3, and approximately 1/3 of Sun-like stars host compact planetary systems. The
Nout = 12 outer systems we have considered produce outcomes that are in clear
disagreement with these numbers.
We selected eight outer system templates with Nout = 6 at ãout = 5 or 10 au
for a more in-depth investigation of their effects on the inner systems. The results
show a wide range of final multiplicities, from the template 6g.15M.10AU resulting
in unperturbed inner systems in ∼ 75 % of the runs, to 6g.100M.5AU completely
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destroying ∼ 75 % of the inner systems. A common outcome is the generation of
single planet inner systems with relatively high eccentricities, as required by the
observed eccentricity dichotomy. The simulations also produce a clear relation be-
tween the final multiplicities and the eccentricity distributions, where inner systems
with higher final multiplicities have lower eccentricities. For runs where the final
planet number in the inner system Nin,final = 5, the final eccentricity distribution is
similar to the initial distribution, as expected. The Nin,final = 1 systems, however,
have large eccentricities with a mean of 〈e1〉 = 0.48.
We undertook synthetic transit observations of the final inner systems. We
counted the relative numbers of one-planet, two-planet, ..., five-planet systems de-
tected by the synthetic observations, and compared this to the ratios of the observed
multiplicities in the Kepler data. We found that the simulated systems in this chap-
ter produce better agreement with the Kepler data compared to the multiplicity
ratios obtained from N -body simulations that only consider self-excitation of inner
systems of super-Earths (e.g. chapter 3 and Poon et al., 2020). Some of our outer
templates, such as those with ãout = 5 au, resulted in inner systems that are in
very good agreement with the Kepler multiplicity ratios, and reproduce the Kepler
multiplicity dichotomy.
Synthetic observation of the simulated inner systems produces a very clear eccen-
tricity dichotomy. The single transiting planet systems always have a significantly
higher mean eccentricity, 〈e〉, than the multi-transit systems. Compared to control
runs which were performed for inner systems without any outer giant planets, the
differences between the mean eccentricities for single systems, 〈e1〉, and those for
multiple systems, 〈e≥2〉, are much larger in our models with outer planets. The con-
trol runs produce {〈e≥2〉, 〈e1〉} = {0.05, 0.08}, whereas we obtain 0.06 ≤ 〈e≥2〉 ≤ 0.1
and 0.11 ≤ 〈e1〉 ≤ 0.25 for the runs with outer systems. The outer system comprised
of 6 planets centred around semi-major axis 5 au with masses of 60 M⊕ resulted in
an eccentricity dichotomy characterised by {〈e≥2〉, 〈e1〉} = {0.07, 0.25}, which is in
decent agreement with the values {〈e≥2〉, 〈e1〉} = {0.04, 0.3} reported by Xie et al.
(2016) and the values {〈e≥2〉, 〈e1〉} = {0.05, 0.21} reported by Mills et al. (2019).
While this is the outer system template that gives the best agreement with the Ke-
pler data, other templates resulted in similar eccentricity dichotomies. One feature
of our study, however, is that the mean eccentricities for multiple transiting sys-
tems coming out of the simulations are always larger than those reported for the
Kepler data. This may in part be due to our choice of initial conditions for the inner
system templates, but it is also influenced by the fact that systems of 2 transiting
planets contribute significantly to the overall eccentricity distributions of the multi-
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ple transiting systems. The synthetically observed 2 transiting planet systems often
come from underlying systems that have been significantly perturbed by the outer
systems, such that the mean eccentricity increases above 〈e≥2〉 = 0.05.
We ran some additional simulations to test the effect of including additional
physics in the models. Simulations that adopted a realistic collision model, in-
stead of the simple hit-and-stick model adopted in the main suite of simulations,
produced results that are very similar to the original simulation set. Hence, we
conclude that the collision model is not important for determining the outcome of
the simulations. We also considered the effect of eccentricity damping due to tidal
interaction with the central star over Gyr timescales, and here we observe a signifi-
cant change in the eccentricity distributions of both the single- and multi-transiting
systems. In spite of this change, we still maintain a significant dichotomy between
the final eccentricity distributions for the single- and multi-transiting systems, such
that the mean eccentricities obtained are {〈e≥2〉, 〈e1〉} = {0.04, 0.17}, similar to but
slightly smaller than the values {〈e≥2〉, 〈e1〉} = {0.05, 0.21} for the Kepler systems
obtained by Mills et al. (2019).
Finally, we remark that although we have undertaken a wide ranging parameter
study of outer planetary systems influencing inner systems of super-Earths, what
we have presented here is far from exhaustive in terms of multiplicity, planet mass
and semi-major axes for the outer systems. For example, we have considered outer
planetary systems consisting of identical planets in terms of mass and radius, and
this might influence the outcome in terms of collisions versus ejections (Anderson
et al., 2020). Furthermore, we have also assumed that the inner systems are fully
formed at the time when the outer giant planets undergo dynamical instability, and
it is possible that in a number of systems the instability occurs earlier during the
epoch of formation. These considerations may lead to different outcomes, such that
the multiplicity and eccentricity dichotomies can be more accurately reproduced by
models than has been achieved in this work. Nonetheless, the study presented here
shows that the general scenario of outer unseen planets perturbing inner planetary
systems is a promising mechanism for explaining some aspects of the Kepler data.
156






— 張敬軒, 林子祥, 潘源良 〈相對論〉
This chapter mainly follows the material that is contained in Poon et al. (submit-
ted). The title of this publication is ‘In situ formation of hot Jupiters with companion
super-Earths ’, and it was submitted for publication in the Monthly Notices of the
Royal Astronomical Society.
Observations have confirmed the existence of multiple-planet systems contain-
ing a hot Jupiter and smaller planetary companions. Examples include WASP-47,
Kepler-730, and TOI-1130. We examine the plausibility of forming such systems
in situ using N -body simulations that include a realistic treatment of collisions, an
evolving protoplanetary disc and eccentricity/inclination damping of planetary em-
bryos. Initial conditions are constructed using two different models for the core of
the giant planet: a ‘seed-model’ and an ‘equal-mass-model’. The former has a more
massive protoplanet placed among multiple small embryos in a compact configura-
tion. The latter consists only of equal-mass embryos.
Simulations of the seed-model lead to the formation of systems containing a hot
Jupiter and super-Earths. The evolution consistently follows four distinct phases:
early giant impacts; runaway gas accretion onto the seed protoplanet; disc damping-
dominated evolution of the embryos orbiting exterior to the giant; a late chaotic
phase after dispersal of the gas disc. Approximately 1% of the equal-mass simu-
lations form a giant and follow the same four-phase evolution. Synthetic transit
observations of the equal-mass simulations provide an occurrence rate of 0.26% for
systems containing a hot Jupiter and an inner super-Earth, similar to the 0.2%
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occurrence rate from actual transit surveys, but simulated hot Jupiters are rarely
detected as single transiting planets, in disagreement with observations. A subset
of our simulations form two close-in giants, similar to the WASP-148 system. The
scenario explored here provides a viable pathway for forming systems with unusual
architectures, but not for the majority of hot Jupiters.
5.1. Introduction
Since the discovery of the hot Jupiter 51 Pegasi b (Mayor and Queloz, 1995), ob-
servations using the radial velocity (RV) technique have unveiled a large number of
such objects (e.g. Udry et al., 2002; da Silva et al., 2006; Butler et al., 2006; Quinn
et al., 2012; Flagg et al., 2019).1 The population study by Mayor et al. (2011) in-
dicates that ∼ 14% of Sun-like stars host a gas giant planet with mass & 50 M⊕
and orbital period . 5000 days, and the fraction of stars hosting such planets with
periods . 10 days is ∼ 1%.
Various scenarios have been proposed to explain the origins of hot Jupiters, in-
cluding formation at larger distances followed by migration driven by the gaseous
protoplanetary disc, in situ formation after the build-up of a large reservoir of plane-
tary building blocks close to the star, and migration due to tidal interaction with the
central star after a giant planet achieves a high eccentricity orbit due to planet-planet
scattering, or through the Kozai-Lidov effect induced by a distant companion (see
Dawson and Johnson (2018) and references therein for a comprehensive discussion
on the origins of hot Jupiters).
Transit surveys have also discovered hot Jupiters. Of particular interest are the
discoveries of multiple systems that contain a transiting hot Jupiter and inner plan-
etary companions, such as WASP-47 (Becker et al., 2015), Kepler-730 (Cañas et al.,
2019), and TOI-1130 (Huang et al., 2020). These multiple planet systems cannot
have formed through high-eccentricity migration, and hence must have formed in
situ or after large scale migration. Previous studies have examined the consequences
for planet formation of a giant planet migrating over large distances, and have shown
that a natural outcome can be the formation of relatively compact multi-systems
consisting of hot Jupiters and nearby super-Earths/sub-Neptunes (e.g. Fogg and
Nelson, 2005, 2007; Raymond et al., 2006; Mandell et al., 2007). Our aim in this
study is examine whether or not such systems naturally arise from an in situ for-
mation scenario.
1All exoplanet data used in this chapter are from the NASA Exoplanet Archive unless stated
otherwise.
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One argument deployed in favour of the migration scenario for the formation of
hot Jupiters is that a protoplanetary disc with mass characteristic of the Minimum
Mass Solar Nebula model (MMSN, Hayashi, 1981) lacks sufficient mass in solids
and gas to build a planet in situ. Instead, it is envisaged that planet cores form
beyond the snow line and start to accrete their gas envelope at large distances from
the star (Pollack et al., 1996). Subsequent angular momentum exchange with the
disc leads to inwards migration (e.g. Lin et al., 1996; Tanaka et al., 2002; Nelson
and Papaloizou, 2004; Alibert et al., 2005; Kley and Nelson, 2012; Coleman and
Nelson, 2014, 2016a; Bitsch et al., 2019), during which accretion of gas onto the
planet continues. Various arguments have been used against this scenario. For
example, Bailey and Batygin (2018) suggest that the inner envelope of the mass-
period distribution for hot Jupiters is best explained by a model in which hot Jupiters
accrete their gas in situ. This argument hinges on both the planet mass and the
size of the magnetospheric cavity in a protoplanetary disc depending on the mass
accretion rate through the disc. It is possible a migration based scenario might
also produce such a relation if a migrating planet accretes gas through a gap at a
rate that scales with the overall accretion rate through the disc. Differences in the
planetary mass distributions when comparing hot and cold giants, where the mean
mass of hot Jupiters is slightly lower than that of cold Jupiters, also seems to be in
tension with the migration scenario, since this trend is not expected if hot and cold
Jupiters both formed at large distance.
Transit surveys such as Kepler have discovered a large population of close-in
planets (Borucki et al., 2010, 2011; Batalha et al., 2013; Burke et al., 2014; Rowe
et al., 2015; Mullally et al., 2015; Coughlin et al., 2016; Thompson et al., 2018), and
have shown that systems of multiple super-Earths/sub-Neptunes with orbital period
< 100 days are common around Sun-like stars (e.g. Fressin et al., 2013; Dressing
and Charbonneau, 2013, 2015; Petigura et al., 2013; Zhu et al., 2018). Some of these
compact planetary systems contain a significant amount of mass (e.g. Lissauer et al.,
2011a), and a number of studies have been conducted to examine in situ formation
scenarios, where it is assumed a large amount of solid mass has drifted into the
inner disc before accumulating into planetary building blocks which then collide
to form compact planetary systems (e.g. Chiang and Laughlin, 2013; Hansen and
Murray, 2013; Moriarty and Ballard, 2016; Matsumoto and Kokubo, 2017; Mustill
et al., 2018; Poon et al., 2020; Matsumoto et al., 2020, and chapter 3). It is then a
natural extension of this scenario to suppose that hot Jupiters can form in situ if a
sufficiently massive core forms during the gas disc life time such that it can accrete
a massive envelope (e.g. Lee et al., 2014; Boley et al., 2016; Batygin et al., 2016;
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Hasegawa et al., 2019).
In this chapter we use N -body simulations to study the in situ formation of plan-
etary systems containing a hot Jupiter and at least one inner planetary companion.
We assume there is sufficient solid material in the inner region of the protoplanetary
disc (a total of ∼ 25 to 30 M⊕ at . 0.5 au) to build a core that can undergo runaway
gas accretion. The solid mass is distributed among multiple (N > 50) protoplanets
which dynamically evolve and collide to build the final planetary system, and if a
planet grows to be large enough during the gas disc life time then it is able to accrete
gas and become a giant planet. We adopt two sets of initial conditions, namely the
‘seed-model’ and the ‘equal-mass-model’. The seed-model initially contains a more
massive seed-protoplanet that ensures a hot giant can form in the simulation. This
biased initial condition allows us to study the dynamical history and behaviour of
the gas giant in situ model. The equal-mass-model initially contains equal mass
protoplanets, where numerous protoplanet mergers in the early stages of a simula-
tion are essential to form a giant planet. This model allows us to investigate the
occurrence rate of giant planets in the in situ model in an unbiased manner.
The possibility of significant gravitational scattering of protoplanets during the
growth of a giant planet, combined with the large Keplerian velocities close to the
star, have motivated us to adopt a realistic collision algorithm in our N -body simula-
tions (Leinhardt and Stewart, 2012). We employ a 1D evolving viscous disc model,
which is used to implement eccentricity and inclination damping forces onto the
protoplanets. Migration torques, however, are neglected in this study. Our model
includes gas accretion onto planetary cores when they become sufficiently massive,
gap opening, and photoevaporation of the disc. The realistic collision model allows
us to track the nature of planet-planet collisions, and the generation of collisional
debris during high energy impacts, and we use this information to compare the col-
lisional behaviour between the gas-rich and gas-free phases. The giant formation
rate is sensitive to the gas envelope accretion model adopted, and we examine the
effect of this on the outcomes of our simulations.
This chapter is structured as follows. In Section 5.2, we describe the simulation
methods, including the realistic collision model and the disc model. In Section 5.3,
we describe the initial conditions. In Section 5.4, we present the results and analyses
of our simulations. In Section 5.5, we investigate the impact of assuming different
gas envelope accretion models. Finally, we discuss our results and draw conclusions
in Section 5.6.
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5.2. Simulation model
We use the N -body code symba (Duncan et al., 1998) to undertake the simulations
presented in this chapter, and we utilise a version that implements an algorithm to
treat planet-planet collisions realistically. We also include an evolving protoplan-
etary disc model to provide a prescription for planet-disc interactions, which we
describe below.
5.2.1. Realistic collision model
The Leinhardt and Stewart (2012) collision model was implemented in symba as
described our previous study (Poon et al., 2020, see also section 2.1). Here we just
summarise the post-collision outcomes that can arise in the simulations. For a more
detailed description we refer the reader to the above cited papers (see also Kokubo
and Genda, 2010; Genda et al., 2012; Stewart and Leinhardt, 2012; Scora et al.,
2020).
We refer to the more massive body involved in a collision as the target, and the
less massive object as the projectile. Post collision, we can have a largest remnant,
a second largest remnant and debris in the form of superplanetesimals. Superplan-
etesimals are non-mutually interacting gravitating particles with masses between
0.1 to 10 times the mass of Ceres. The radii of all objects are calculated using the
mass-radius relation equation A.6. The collision algorithm consists of a decision tree
with the following possible outcomes that depend on how the impact velocity, Vimp,
compares with the escape velocity, Vesc:
1. Perfect merger, when Vimp < Vesc. A single body is formed with the total mass
and momentum of the original two collided bodies.
2. Supercatastrophic disruption, when Vimp exceeds the threshold for supercatas-
trophic disruption. No massive bodies remain and all the mass is in the form
of collision debris represented by superplanetesimals.
3. Catastrophic disruption, when Vimp exceeds the threshold for catastrophic dis-
ruption. Only one massive body remains and the rest of the mass is in the
form of collision debris.
4. Erosion, when Vimp exceeds the threshold for erosion. The target is eroded
by the projectile and loses some of its mass, while the projectile is completely
disrupted into superplanetesimals.
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5. Partial accretion, when Vimp is less than the threshold for erosion and the
collision angle is smaller than the critical angle. The target gains mass from the
projectile, which is completely disrupted into numerous superplanetesimals.
6. Hit-and-spray, when the collision angle is larger than the critical collision angle
and Vimp exceeds the velocity of transition to hit-and-spray. The projectile is
completely disrupted into debris.
7. Hit-and-run, similar to the hit-and-spray criterion but with Vimp between the
velocities for transition to hit-and-spray and hit-and-run. The projectile mass
is reduced and the remaining mass goes into debris.
8. Bouncing collision, similar to the hit-and-run criterion but with Vimp smaller
than the velocity for transition to hit-and-run and greater than the normalised
critical impact velocity (Kokubo and Genda, 2010; Genda et al., 2012). The
target and projectile retain all of their mass and the collision is treated as an
inelastic bounce.
9. Graze-and-merge, similar to bouncing criterion but with Vimp smaller than the
normalised critical impact velocity. The outcome is similar to perfect merge
where a single body forms containing all the mass of the colliding objects.
When a supercatastrophic collision happens, it can lead to the formation of a sta-
ble ring composed of superplanetesimals that sits interior to the system of planetary
embryos. This can be very stable and remain present throughout the simulations.
To avoid integrating the large number of debris particles using a small time-step
size, we adopted the mass reduction scheme described in Poon et al. (2020) and
appendix A.1, which is based on determining the collision frequency of the debris
particles and assuming collisions will grind the debris to dust, which is then quickly
removed from the system.
5.2.2. Protoplanetary disc model
Here we describe the viscously evolving protoplanetary disc model and the eccen-
tricity/inclination damping forces that are applied to the planetary embryos (see
also section 2.2).
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Disc evolution
The disc adopted here is a typical α-disc model (Shakura and Sunyaev, 1973). The












where cs is the local sound speed, Ω is the local angular velocity, T is the local
temperature of the disc, µ is the mean molecular weight of the disc and set as 2.4 u
in this study, mH is the atomic mass of hydrogen, G is the gravitational constant,
M? is the mass of the host star and r is the local distance from the host star. We
set α = 10−3.
The evolution of the disc surface density, Σ, is given by the usual diffusion equa-
tion, augmented by additional terms (equation 2.48) that account for the torque
























where Λ is the injection rate of angular momentum per unit mass due to tidal
interaction with a planet (Lin and Papaloizou, 1986), and ∂Σpe/∂t is the rate of
change of the disc surface density due to photoevaporation (see equation 5.5). Λ is
given by
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, (5.3)
where rp is the distance between the planet and the host star, Mp is the mass of
the planet, and H is the local disc scale height obtained from H = cs/Ω. Equation
5.3 is only applied when a planet mass reaches the gap opening criterion, otherwise




















− 1 6 0. (5.4)
During the late stage of a disc’s lifetime, when the accretion rate is low, photo-
evaporation due to UV radiation from the star starts to dominate the disc surface
density evolution (e.g. Clarke et al., 2001; Matsuyama et al., 2003; Ruden, 2004;
Takeuchi et al., 2005). The photoevaporation term, ∂Σpe/∂t in equation 5.2, is
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obtained using the prescription in Dullemond et al. (2007):
∂Σpe
∂t






where rg is the gravitational radius, Sg is a scaling factor in terms of rg, and Φ41 is
the rate of emitted ionizing photons from the host star in units of 1041 photons s−1.


















Hollenbach et al. (1994) simply defined rg to be where the sound speed equals the
Keplerian orbital velocity. In this study, we set rg = 10 au and Φ41 = 1.
Eccentricity and inclination damping
A planet orbiting in a gaseous disc will experience eccentricity and inclination damp-
ing forces. It may also experience torques that drive migration, but in this study
we neglect these and examine how systems evolve only under the influence of ec-
centricity/inclination damping, while remaining agnostic about why migration does
not occur.
We follow Papaloizou and Larwood (2000) in our implementation of the damping
forces. The accelerations of an object due to the eccentricity damping, dve/dt, and












where vr is the radial velocity, vz is the velocity in the z direction (perpendicular
to the disc plane), te is the eccentricity damping timescale, and ti is the inclination
damping timescale.



















































where e is the eccentricity, I is the inclination, h is the ratio between the disc scale
height and the local radius (H/r), and twave is the characteristic time of the orbital















where ap is the semi-major axis of the object, and the values of Σp, cs, and Ωp are
evaluated at ap.
The damping timescales te and ti obtained from equations 5.9 and 5.10, are applied
until a planet satisfies the gap opening criterion (equation 5.4), after which we set
the damping timescales to be 20 local orbital periods.
5.2.3. Gas envelope accretion
We allow gas to accrete onto protoplanets if their masses reach a threshold value. We
adopt different gas accretion prescriptions to examine the sensitivity of our results
to the assumed gas accretion rates, and these prescriptions are described below.
Simple model
In our simple model, a protoplanet can start to accrete a gaseous envelope from the
protoplanetary disc when its mass reaches 3 M⊕. We adopt the expression for the
gas accretion rate from Coleman and Nelson (2016b), which provides a fit to the
1D calculations presented in Movshovitz et al. (2010) for a planet located at 5.2 au




















Here Ṁ0 is the mass accretion rate for a 1 M⊕ protoplanet core (with no gas enve-
lope), Mcore is the mass of the protoplanet core, Mge is the mass of the accreted gas
envelope, and we have the relation Mp = Mcore +Mge. The value of Ṁ0 used is that
in Coleman and Nelson (2016b), namely Ṁ0 = 4.656× 10−8 M⊕yr−1.
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Gas accretion based on fits to local 1D models
We also run a subset of simulations using an alternative local gas accretion model (see
section 5.5). For this model, we calculated new fits to gas accretion rates obtained
using the 1D envelope structure model of Coleman et al. (2017) (see also Papaloizou
and Terquem, 1999; Papaloizou and Nelson, 2005). Whilst the gas accretion rates
used in Coleman and Nelson (2016b) were based on fits from a handful of simulations
in Movshovitz et al. (2010), they do not take into account the local disc properties,
i.e. surface density and temperature. This was appropriate for those models since
the simulations performed in Movshovitz et al. (2010) were based on formation
scenarios for Jupiter located at 5.2 au.
In taking the local disc properties into account, we ran a large number of simula-
tions where we placed planetary cores of masses between 2− 15 M⊕ at orbital radii
spanning 0.2−50 au in the evolving disc model of Coleman and Nelson (2016b). Us-
ing the gas envelope and accretion model of Coleman et al. (2017), these cores were
able to accrete gas until the protoplanetary disc dispersed, or until they reached
a critical state where runaway gas accretion occurs and they become giant plan-
ets. We included an opacity reduction factor fopa that reduces the grain opacity
contribution, similar to other works (e.g. Mordasini et al., 2014).
As the discs were evolving, the local disc properties for the planets were ever-
changing and this was taken into account when calculating the 1D gas envelope
structure. These local disc properties were recorded, as well as the planet properties
(e.g. core mass, envelope mass) and the mass accretion rate. In total the simula-
tions provided ∼ 50, 000 data points to determine a gas accretion rate, a significant
improvement on the 20 data points used to formulate the equations in Coleman and
Nelson (2016b). With these results we were able to fit an equation that takes into
account not only the properties of the protoplanets, but also the local properties of
the disc, notably the temperature, Tlocal, and the opacity reduction factor, fopa. The































The strong dependence on the core mass in equation 5.13 is notable, as is the depen-
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Figure 5.1.: Comparison of final planet masses from gas accretion fits to those cal-
culated using the 1D gas envelope structure model of Coleman et al.
(2017). The different colour markers represent different accretion fits
arising from Bitsch et al. (2015, B15 equation 17), Coleman and Nelson
(2016b, CN16), and Equation. 5.13. The open circle markers indicate
where the planets have reached the runaway gas accretion phase, and
would become giant planets. The black line indicates a 1:1 relation be-
tween the final planet masses obtained using the fits and the 1D model.
dence of the gas envelope mass fraction. Such strong dependences are in agreement
with Coleman et al. (2017) where the accretion rate is heavily dependent on the
core and envelope masses. The dependence on the temperature is also consistent
with previous works where gas accretion rates decrease as the local disc temperature
rises. Note that the effect of surface density is not included in this equations, since
it is found to have a very weak effect.
When comparing the planet masses attained using equation 5.13 to those arising
from the 1D envelope structure model, we find that they are in good agreement.
Figure 5.1 shows the final planet masses arising from the 1D envelope structure
model (x-axis) versus those attained from different gas accretion fits (y-axis). The
purple points correspond to using equation 5.13, the yellow points come from equa-
tion 5.12 (Coleman and Nelson, 2016b, CN16), and the cyan points arise from the
fits in Bitsch et al. (2015, B15) to the work of Piso and Youdin (2014).
To calculate these masses, we ran numerous single-planet-in-disc models where
we placed cores of different masses at different locations in the disc, and allowed
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them to accrete locally. We did not include any migration in these models, and we
stopped each model when the planets reached either: a critical state where the planet
envelope can no longer be hydrostatically supported (1D models), a gas accretion
rate of 2 M⊕/1000 yr (CN16 model, equation 5.13), or where the envelope mass
was equal to double the core mass (the B15 model). We denote planets that reach
a critical state using open circles, whereas closed circles denote planets that did
not reach the relevant criterion. In all of these scenarios, a period of runaway gas
accretion is expected to occur with the planets becoming giant planets.
The final planet masses obtained using equation 5.13 (purple markers) sit close to
the black diagonal line, that represents a 1:1 ratio between the planet masses found
through either the 1D envelope structure model or the gas accretion fits. This is
especially true for low mass planets, i.e. super-Earth mass range. The only region
where the fits become less consistent with the 1D model is at higher planet masses,
where the fits reach a critical state slightly earlier or later than occurs in the 1D
model. This will result in only small differences in the final planet masses, since
these occurrences happen early in the disc lifetime, and the planets in all cases will
undergo runaway gas accretion and become giant planets.
When comparing the results from other works to the 1D structure models, for the
higher mass planets it is clear that like the masses found through equation 5.13, the
planets reached a critical state slightly before/after the 1D model, where again these
planets would undergo runaway gas accretion and become giant planets. Where the
results from other works disagree with the 1D model is at lower planet masses
particularly between 4 M⊕ ≤ Mp ≤ 15 M⊕. For both accretion fits (CN16 and
B15), the planets typically reached a critical state, whereas the planets in the 1D
models did not. This would ultimately lead to the C16 and B15 fits producing an
over abundance of giant planets compared to the 1D model results.
For much lower mass planets, Mp ≤ 4 M⊕, the accretion rates from Bitsch et al.
(2015) and Coleman and Nelson (2016b) do not reach a critical state. This is more
consistent with the 1D models, where the planets do not have large enough core
masses to be able to accrete significant gaseous envelopes. However, even though
there is greater agreement between the 1D models and the fits here, the masses
arising from the accretion rate fits are still considerably larger than those arising
from the 1D models. This is in contrast to the masses arising from equation 5.13
where there is excellent agreement with the 1D models at low planet mass.
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Accretion after gap opening
The local gas accretion model (equation 5.12 or 5.13) applies until a planet satisfies
the gap opening criterion (equation 5.4) or when a protoplanet is sitting in a gap


















where Np,gap is the number of protoplanets that sit in the gap and are accreting
gas through viscous supply, νvsd is the local viscosity and Σvsd is surface density
in the disc exterior to the gap. To ensure that the numerator 3πνvsdΣvsd measures
the typical accretion rate through the disc, and not the local value in the gap, we
evaluate it at 2 au from the star.
In figure 5.2 we demonstrate the difference between applying equation 5.12 and
5.13 when calculating the gas accretion rate, including the switch to equation 5.14
once a gap has been opened. The final masses obtained when adopting equation 5.13
shows a higher sensitivity to the local disc parameters compared to the model ap-
plying equation 5.12. This mainly arises due to the increase in disc midplane tem-
perature closer to the star, reducing the gas accretion onto the planets and having
a much larger effect for smaller core masses.
For the main simulation results and analysis presented in section 5.4, we use the ac-
cretion rates provided by equations 5.12, while in section 5.5 we apply equation 5.13
for comparison.
5.3. Simulation set-up
In this study, we are interested in systems of hot Jupiters with coexisting inner
super-Earths. We have selected a number of systems that have a hot Jupiter and an
inner companion to provide templates for the initial conditions of the simulations.
The consideration of system selection is straight forward and uses the following
criteria: (i) the system contains a confirmed transiting giant with orbital period less
than 30 days; (ii) the system contains at least one transiting companion with orbital
period shorter than the orbital period of the giant. There are five systems that meet
these criteria. In order of increasing orbital period of the giant they are WASP-47,
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Figure 5.2.: Comparison between the initial and final masses (at the point of gas
dissipation) of the planet in the single-planet simulations, the difference
is based on the adoption of different gas envelope accretion models and
initial orbital radii. The results of applying the Coleman and Nelson
(2016b, CN16) routine (equation 5.12) are plotted using dashed lines,
where the protoplanet is initially located at 0.05 au (blue) or 0.10 au
(orange). The solid lines represent the results obtained when adopting
our locally-dependent envelope accretion routine (equation 5.13) with
the value of fopa = 10−3, where the protoplanet is initially located at
0.05 au (yellow), 0.075 au (purple), or 0.10 au (green). It is clear that
the CN16 routine is less dependent on the initial protoplanet mass and
orbital location (local disc conditions).
Kepler-730, TOI-1130, Kepler-4872,3, and Kepler-89 (see figure 5.3, and also table
A.4 for basic stellar and planetary parameters of the selected systems).
5.3.1. Template construction
We constructed two sets of templates for our simulations: the ‘seed-model’ and the
‘equal-mass model’. The seed-model contains one higher mass protoplanet, that
acts as a seed for the growth of a giant planet, and multiple equal-mass smaller
bodies. The equal-mass-model only contains planetary embryos of equal mass. The
2The two inner companions, KOI-191.02 and KOI-191.03, of Kepler-487 are candidates instead
of confirmed planets.
3This system is included because both objects have a relatively low probability to be due to any of
the considered astrophysical false positive scenarios (1.4× 10−3 for KOI-191.02 and 4.2× 10−5
for KOI-191.03).
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Figure 5.3.: The five selected planetary systems that meet the selection criteria (sec-
tion 5.3). The symbol size represents the radius of each planet.
configurations for the two templates are:
1. seed-model: 25 inner equal-mass bodies + 1 seed protoplanet + 25 outer equal-
mass bodies,
2. equal-mass-model: 51 equal-mass bodies.
All the equal-mass bodies have mass 0.5 M⊕. There are two subsets of the seed-
model, where the mass of the seed protoplanet is either 4.0 or 4.5 M⊕. The middle
body for each template (the 26th body) is located at the semi-major axis of the hot
Jupiter from the selected system. The mutual separations between each adjacent
body are K = 5 for the seed-model, and two subsets of K = 4 and 5 for the equal-
















and subscript i denotes the value of the i-th body in the system.
We use a labelling convention based on the parameters mentioned above when de-
scribing the simulations as follows: ‘(selected system)-(subset)’. In total, there are 20
different simulation templates from the combinations of 5 selected systems (WASP47,
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Kepler730, TOI1130, Kepler487, and Kepler89) and 4 different subsets (4M-5K,
4.5M-5K, XM-4K, and XM-5K). For example, the WASP47-4M-5K template refers to the
seed-model runs with a 4 M⊕ seed-protoplanet (which is located at 0.0513 au) and
mutual separation K = 5 for all pairs of bodies, and Kepler730-XM-4K refers to the
equal-mass model runs where the 26-th body is located at 0.0694 au with a mutual
separation K = 4 for all pairs of embryos. The central stars of each system have
their masses and radii taken from table A.4.
Each template is run with 10 different instances of the initial conditions. The
initial eccentricities of the bodies are randomly drawn from a Rayleigh distribu-
tion with eccentricity parameter, σe = 2 × 10−3. The initial inclinations for each
run are randomly drawn from a Rayleigh distribution with inclination parameter,
σI = 1 × 10−3 rad. The distributions follow the relation e = 2I (where I is in
radians), but the initial values of e and I for each planet are independent. The ar-
guments of pericentre, ω, longitudes of ascending node, Ω, and mean anomalies, M
are distributed uniformly in the range 0 ≤ (ω,Ω,M) < 2π. Objects whose orbital
distances exceed 100 au are removed from the simulations. The time steps used are
set to be 1/20th of the shortest orbital period in the system. Each simulation is run
for 107 yr.
5.3.2. Disc parameters
The protoplanetary disc model (section 2.2 and 5.2.2) is included in all N -body
simulations. The disc surface density profile, Σinit (r), has the same power-law index
as the MMSN (Hayashi, 1981):
Σinit (r) = Σinit (1 au) r
−1.5, (5.17)
where Σinit (1 au) = 1700 g cm−2 is the initial surface density of the disc at 1 au.
The temperature profile is fixed throughout the simulations and also follows the
power index of the MMSN and is given by
T (r) = T (1 au) r−0.5, (5.18)
where T (1 au) = 280 K is the temperature at 1 au. For the main simulations (section
5.4), the gas envelope accretion routine uses equation 5.12. For the investigation of
the impact from the gas envelope accretion routine (section 5.5), the gas envelope
accretion rate is given by equation 5.13.
The inner and outer boundaries of the disc are located at 0.05 and 30.0 au, re-
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spectively. We apply a zero radial velocity condition at the outer boundary, which
ensures that no additional mass flows into the disc model. We apply a zero torque
condition at the inner boundary to allow accretion onto the star. Any bodies sitting
outside of the boundaries of the disc do not interact with it, and so experience no
eccentricity/inclination damping and do not accrete gas.
5.4. Results
5.4.1. Evolution of the seed-model
We now present the results of simulations that explore the in situ formation of
systems containing a hot Jupiter and inner super-Earths. To recap, two sets of
simulations were performed for the seed-model, one with the seed protoplanet mass
equal to 4.0 M⊕ (4M-5K), and the other with 4.5 M⊕ (4.5M-5K).
Dynamical evolution
The dynamical evolutions for the seed-models can be classified in to four distinct
phases in terms of their behaviour. For convenience when discussing the different
phases, we will refer to them as the early impact, runaway gas accretion, outer disc
damping, and late chaotic phase.
The early impact phase corresponds to the time early in the simulations when the
embryos undergo dynamical instability and collisional accretion, before any planet
in the system is massive enough to trigger its runaway gas envelope accretion (figure
5.4, the first ∼ 2 Myr). The collisions between protoplanets in this stage are induced
by the small initial mutual separations, and generally take place early in the simula-
tions (< 1 Myr for initial K = 5). After the initial impacts have occurred, the disc
damping forces start to dominate the orbital evolution, and the eccentricities and
inclinations are forced to remain very low. Except for the seed body, it is difficult
to form a planet with mass greater than 4 M⊕ because the damping forces prevent
the occurrence of mergers.
As the name suggests, the runaway gas accretion phase starts when a planet enters
runaway gas accretion (figure 5.4, orange shaded area). The planet increases its mass
exponentially in this stage and dynamically heats up the system. The dynamical
heating by the swift increase in mass outstrips the disc damping forces, and orbit
crossing of the bodies is a common outcome. This phase normally lasts for only a
few hundred thousand years. Once the body enters the runaway accretion phase,
173
5. Hot Jupiters with companion super-Earths
Figure 5.4.: Dynamical history of a run from the Kepler487-4.5M-5K template, in-
cluding the semimajor axes (top panel), eccentricities (second panel),
inclinations (third panel), and planet masses (bottom panel). The seed-
protoplanet is marked in blue, other protoplanets are marked in black,
and collision debris are marked in grey. The black dashed vertical line
denotes the point of disc dissipation. The orange shaded area marks
the beginning of the runaway gas accretion phase. The magenta shaded
area denotes the transition between the end of outer disc damping phase
and the beginning of the late chaotic phase.
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especially in the inner parts of the discs that we consider in this study, it can open
a gap and accrete gas at the viscous supply rate (equation 5.14). This slows down
the growth rate of the seed protoplanet and ends the runaway gas accretion phase.
The outer disc damping phase ensues after gap opening in the gas disc, and
is illustrated in figure 5.4 by the temporal domain lying between the orange and
magenta shaded regions. In the parameter space that we consider in the seed-
model, the planet-induced gap sits at an orbital radius < 0.15 au. The inner part
of the disc (in terms of the gap location) has a much shorter collisional accretion
time compared to the outer part of the disc (disc beyond the gap). This phase is
dynamically cooler than the previous runaway phase. The bodies in the inner part
of the disc experience almost no disc damping forces, but the impacts experienced
during the runaway phase result in relatively large mutual separations developing
between the inner protoplanet pairs, so the inner system can be relatively stable.
Inner protoplanets can grow to masses comparable to the initial seed mass, and start
to accrete their own gas envelopes. However, these large cores initiate gas envelope
accretion too late to become gas giants before the gas disc dissipates. The disc
damping forces are still a dominating influence in the outer part of the disc. Similar
to the early impact stage, protoplanets mergers are not very common during this
phase, and generally we do not find that multiple massive cores form during the disc
life time in the region sitting exterior to the giant planet’s orbital radius.
The evolution enters the late chaotic phase when photoevaporation dominates
the gas surface density evolution. In this stage, the density of the disc is low, and
the damping forces gradually become negligible, until the disc eventually dissipates
(figure 5.4, magenta area and onward). Self-scattering between protoplanets can
heat up the system dynamically, causing dynamical instabilities and giant impacts.
Protoplanets can only accrete through giant impacts in this gas-free environment.
This stage lasts until a long-term stable system emerges.
Throughout the evolution, the seed protoplanet retains a low eccentricity and
inclination (figure 5.4, blue line). The seed also essentially preserves its initial semi-
major axis, and generally experiences just a ∼ 1% decrease. For example, in figure
5.4, the initial semimajor axis is 0.117 au and its final value is 0.116 au. This is
due to exchanges of energy and angular momentum with the surrounding bodies,
combined with the disc damping forces.
We noticed that our seed for the WASP47-4M and WASP47-4.5M templates did not
produce a hot giant in any of the runs for the above reason. The initial semimajor
axes (0.051 au) of these seeds are located very close to the inner edge of the disc
(0.050 au), and they stop accreting gas once the seeds move out of the disc. To
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form a hot giant orbiting with a semimajor axis like WASP-47b might require a
seed initially at ∼ 0.055 au for our model set-up.
Figure 5.5 shows some additional instances from the suite of runs shown in figure
5.4 (i.e. from the Kepler487-4.5M-5K template), together with the evolution of
the disc. The upper panel shows the initial conditions, where the blue line is the
initial surface density (equation 5.17) and the green dots are the protoplanets. The
second panel shows a moment at the beginning of the runaway gas accretion phase,
where the seed has accreted enough mass to open a gap in the disc. The third
panel shows the moment during the outer disc damping phase. By this time the
inner super-Earths/sub-Neptunes were already formed while the outer protoplanets
are still in a compact configuration due to the disc damping. The bottom panel
shows the moment after the gas disc dissipates. Due to the lack of the disc damping
forces, giant impacts between the outer embryos are common and allow the sub-
Earth mass protoplanets to grow to super-Earths. Figure 5.6 shows a similar result
to figure 5.5, but for a run from the Kepler730-4M-5K template. The Kepler730
templates follow similar behaviour to the Kepler487 templates, and provide similar
final architectures of the planetary systems. The giants formed in the Kepler730
runs are closer-in at ∼ 0.05 to 0.06 au, similar to the WASP-47, Kepler-730, and
TOI-1130 systems, where all the giants formed have orbital periods less than 10
days.
Multiplicities, masses, and orbital parameters
There is a systematic difference, in terms of multiplicities and mass distributions,
between the final inner and outer parts of the systems from the seed-model (see table
5.1). The inner multiplicity, Nin, always has a lower value than the outer multiplic-
ity, Nout. The inner total mass, Mtotal,in, is similar to the outer total mass, Mtotal,out,
in the Kepler730 and TOI1130 templates, while the Kepler487 and Kepler89 tem-
plates hold a relation of Mtotal,in > Mtotal,out. This difference is because of the initial
conditions of the Kepler730 and TOI1130 templates located most of the inner pro-
toplanets between the host star and the inner edge of the disc, while the Kepler487
and Kepler89 templates are further out and allow most of the protoplanets to sit
inside the disc when K = 5. The difference between the two sets of Mtotal,in, to a
certain extent, shows how much gas mass the inner systems can accrete from the
disc. A rough relation ofMtotal,in ≈ 2Mtotal,out can be drawn, which denoted a ∼ 1 : 1
solid-to-gas ratio for the inner systems. The inner systems also show a higher aver-
age mass of the planets, 〈Mtotal,in〉 / 〈Nin〉, compared to the average planet mass of
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Figure 5.5.: An example formation history from an instance of the the seed-model
template Kepler487-4.5M-5K (same template as shown in figure 5.4).
The blue lines are the disc surface density, green dots are the protoplan-
ets, green circles are the gas envelope and grey dots are the collision
debris. Sizes of the greens dots and circles are denoted by their relative
mass. Protoplanet masses that are greater than 3 M⊕ are shown by the
text (upper: total mass; lower: core mass). Eccentricities are shown in
the right vertical axes. The top panel shows the initial conditions, the
second panel is the time that the first gap opens in the disc (∼ 2.0 Myr),
the third panel is the time when photoevaporation start to dominate the
surface density evolution (∼ 4.4 Myr), and the bottom panel is the time
after the disc has dissipated (∼ 4.9 Myr).
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Figure 5.6.: Similar to figure 5.5 but for another seed-model run from the template
of Kepler730-4M-5K. A closer-in giant planet is formed at ∼ 0.05 to
0.06 au, similar to the initial semimajor axis of the seed-protoplanet.
the outer systems, 〈Mtotal,out〉 / 〈Nout〉. The inner average masses of the Kepler487
and Kepler89 templates are comparable to Neptune’s mass, and the template with
closer-in seeds, Kepler730 and TOI1130, are more likely to host super-Earths.
There are no systematic differences in the final orbital parameters when comparing
the 4M-5K and 4.5M-5K runs, but a clear divergence emerges between the giants and
other planets. As shown in figure 5.4, 5.5 and 5.6, the giants retain low eccentricities
throughout the simulations. The final mean eccentricity of the giants has a value of
〈e〉 ≈ 0.01, while the other planets yield 〈e〉 ≈ 0.06. And the final mean inclination
for the giants is 〈I〉 ≈ 0.005 rad and 〈I〉 ≈ 0.03 rad for the companions. The final
outcomes of the simulations show a strong correlation between the distribution of
the eccentricities and inclinations (figure 5.7). This shows that the systems have
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Table 5.1.: Final planetary multiplicities and masses for the seed-model runs. The
subscripts ‘in’ and ‘out’ represent the inner part and the outer part of
the system with respect to the location of the giant (the seed). 〈Mg〉
is the average mass of the final giants, where the 4M runs always give
lower values than the 4.5M runs, comparable to the final mass obtained
in the single-planet case (figure 5.2). WASP47 runs are not included here
because no giant was formed at the end of the simulations, for the reason
described in section 5.4.1. The table is separated according to the orbital
radius of the giant planet, with the 4 upper templates having giants with
a < 0.1 au and the 4 low templates having a > 0.1 au.






Kepler730-4M 1.9 3.9 13.4 20.6 7.1 5.3 297.9
Kepler730-4.5M 1.7 3.2 16.8 16.2 9.9 5.1 360.2
TOI1130-4M 2.4 3.4 15.8 13.7 6.6 4.0 221.7
TOI1130-4.5M 2.4 4.3 13.8 15.7 5.8 3.7 360.9
Kepler487-4M 2.4 2.9 34.0 16.5 14.2 5.7 178.6
Kepler487-4.5M 2.0 3.6 44.6 17.0 22.3 4.7 258.3
Kepler89-4M 2.2 2.8 45.3 14.9 20.6 5.3 174.0
Kepler89-4.5M 2.5 3.9 47.4 17.7 19.0 4.5 247.5
Overall 2.2 3.5 28.9 16.5 13.2 4.8 262.4
undergone dynamical relaxation (Kokubo, 2005), as expected.
5.4.2. Comparison to the equal-mass models
Two sets of simulations were performed for the equal-mass model, one with mu-
tual separations K = 4 (XM-4K), and one with K = 5 (XM-5K). Without a seed-
protoplanet in the simulations, the formation of a giant planet is expected to occur
less frequently than in the seed-model. Forming a gas giant requires a sufficiently
massive planet to form early in the gas disc life time so it has time to undergo
runaway gas accretion before the disc disperses, and this clearly requires a planet
to undergo numerous mergers.
Figure 5.8 shows an example of a run that forms a giant planet. A large core
with 4.1 M⊕ forms and enters the runaway gas accretion stage at ∼ 2.4 Myr, so this
protoplanet has enough time to undergo runaway growth and transition to accreting
gas at the viscous supply rate for ∼ 2 Myr, eventually becoming a gas giant. On the
other hand, figure 5.9 demonstrates a case where no gas giant forms. The largest
protoplanet in this run only enters the runaway gas accretion phase and opens a gap
at ∼ 4 Myr, which is too close to the end of the disc life time for it to form a Jovain
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Figure 5.7.: The relation between the final eccentricities and inclinations from the
seed-model. The black line represent the relation of e = 2I. The ec-
centricity and inclination distributions provide a good fit to the e = 2I
relation, showing a signal of dynamical relaxation.
mass planet.
The formation of gas giants is not common in our equal-mass models. Only 1%
of our equal-mass runs (all of them from the K = 4 runs) produce a gas giant with
final mass greater than 100 M⊕ . We note that the giant formation percentage is
sensitive with the gas accretion rate (equation 5.12), and we will discuss the effect
of considering different gas accretion prescriptions in section 5.5.
The dynamical evolution observed in the equal-mass models are, in general, dif-
ferent from the evolution history of the seed-model (section 5.4.1), except for the
runs in which a giant was formed. For those few runs with giant formation, they
follow the dynamical evolution path of the seed-model. More commonly, the equal-
mass runs evolve in three phases: early giant impacts, disc damping, and the late
chaotic phase. The first and final phases are the same as the seed-model. The disc
damping phase is the extension of the early impact phase, where the damping of the
eccentricities and inclinations is the dominant effect on the orbital evolution of the
protoplanets.
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Figure 5.8.: Similar to figure 5.5 but for a run of the equal-mass Kepler730-XM-4k
template. The gap opening, photoevaporation, and disc dissipation
times are similar to the seed-model runs. Unlike the seed-model run
(figure 5.6), the formation of giant occurs at a different location to the
reference location of the Kepler730 giant planet.
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Figure 5.9.: Similar to figure 5.5 and 5.8 but for another run of the Kepler730-XM-4K
template. This equal-mass run does not result in the formation of a gi-
ant, which is a common outcome in the equal-mass models. The transi-
tion to runaway gas accretion and gap opening occurs at ∼ 4 Myr, leav-
ing insufficient time for the protoplanet to accrete a massive envelope.
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Figure 5.10.: Normalized probabilities of all the giant impact events with respect to
time during the four different set of simulations, including the 4.5M
seed-model (blue area), 4M seed-model (green area), 5k equal-mass-
model (cyan line), and 4k equal-mass-model (red line).
Figure 5.10 shows the comparison of the impact time between the four subsets of
our seed-model and equal-mass model. It is clear that all four of our subsets have
an early impact phase. The K = 5 systems follow a similar rate of decrease at the
number of impacts (< 1 Myr). The K = 4 systems (red line) show the majority of
early impacts happened before 0.2 Myr, as an effect of a more compact configuration
initially. In the XM-4K runs, the equal-mass protoplanets can merge with each other
to grow sufficiently massive to accrete a noticeable gas envelope earlier than the
XM-5K runs. This explains why the XM-4K runs, compared to the XM-5K runs, are
more likely to form a giant planet.
The seed-model runs (4M-5K and 4.5M-5K) have peaks between ∼ 2.0 to 2.4 Myr,
corresponding to the runaway gas accretion phase. This peak comes earlier for the
4.5M-5K set (blue filled bars) at 2.0 Myr than the 4M-5K set (green filled bars)
at 2.4 Myr. This is simply because the higher mass seeds undergo runaway gas
accretion earlier than the lower mass seeds.
All four sets have a peak in the collision times at ∼ 5 Myr, which is the average
lifetime of our disc models. This marks the onset of the late chaotic phase, and
arises because the eccentricity and inclination damping forces diminish as the disc
disperses. The peaks for the equal-mass sets are higher than the seed sets. This
results from the extended disc damping phase for the equal-mass models, where
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Figure 5.11.: The frequency of each collision type during the two different phases
of the simulations. The collisions happening during the disc phase are
recorded in the blue bars. The collisions occurring after disc dispersal
are recorded in orange bars.
giant impacts are much more common after the disc disperses instead of during
the lifetime of the disc. During the gas-free stage, the collisions are more frequent
within a million years after the disc has dissipated, and the systems became more
dynamically quiet at ∼ 6 Myr and beyond.
5.4.3. Collision behaviour
The outcomes of protoplanet collisions show some differences when they occur during
the gas disc phase and after the disc dispersed. Figure 5.11 reveals the frequency
of different types of collisions. The blue bars indicate the collision frequency during
the disc phase, and the orange bars shows the frequency after the disc is no longer
present.
In general, the type of collision that can create a large amount of debris, such as
super-catastrophic, catastrophic, and erosion collisions, are not common. For the
post-disc phase, the most common type of collision is graze-and-merge, followed by
partial accretion. The collision frequency results for the post-disc phase is in strong
agreement with the gas-free simulations by Poon et al. (2020) and Scora et al. (2020),
where these two studies also considered the same collision model (see also chapter
3).
The collision behaviour during the disc phase is different, and almost half of the
collisions are graze-and-merge. Together with the drop in the number of perfect
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Figure 5.12.: The frequency of impact angles of all the giant impact events in our
simulations. The collisions happening during the disc phase are plotted
in blue. The collisions occurring after disc dispersal are plotted in
orange.
mergers, it indicates that there are more slow collisions with high impact angles
compared to the gas-free stage. This phenomenon can also be noticed in figure
5.12, where the figure illustrates the frequencies of different impact angles. The
distribution of impact angles for the post-disc stage (orange filled bars) follow a
distribution peaking at around 45◦ (similar to figure 3.16, see also Poon et al., 2020;
Scora et al., 2020). Meanwhile, the impact angles in the disc phase (blue line)
follow a similar distribution, except in the large angle domain. There is a sharp
increase of the frequency at impact angles between 85◦ to 90◦. This indicates that
the disc influences the dynamics and induces slow mergers between protoplants at
high impact angle. The high impact angles show that the orbits of the two colliding
bodies are more circular, instead of arising from high eccentric orbital crossing.
5.4.4. Observational detection rate of hot Jupiter and inner
super-Earth systems
Transit surveys have discovered ∼ 2500 planetary systems. Among this population,
five systems contain a transiting giant with orbital period less than 30 days and
transiting super-Earths/sub-Neptunes (section 5.3) that orbit interior to the giant.
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These systems are WASP-47, Kepler-730, TOI-1130, Kepler-487, and Kepler-89.
These systems make up ∼ 0.2% of the whole population of transiting systems. To
compare our simulation outcomes with this detection rate, we carried out synthetic
transit observations of our final planetary systems.
Each simulated planetary system is synthetically observed from 100,000 randomly
chosen viewing locations, isotropically distributed with respect to each host star.
To compare our results to transit surveys, we only consider planets that satisfy the
observation limits of a Kepler-like survey. Therefore, we only consider planets, and
exclude all collision debris, with orbital radius less than 1 au.
All our seed-model runs (except WASP47) contain a hot Jupiter at the end of the
simulations. Synthetic transit observations of the final seed-model system tell us
that 30.2% of planetary systems that are detected contain a hot Jupiter and an
inner super-Earth. In this model, when a giant planet is detected, there is only a
∼ 5% chance that the inner companion will not also be picked up as a transiting
planet.
The equal-mass runs also show there is only a ∼ 5% chance that an inner compan-
ion will not be detected when a giant is detected in synthetic observations (figure
5.13), similar to the seed-model. Hence, figure 5.13 shows that a prediction of these
in situ formation simulations is that hot Jupiters detected in transit surveys should
almost always be detected with interior super-Earths, and they should be detected
with exterior about 50% of the time, which is clearly not the case. Hence the initial
conditions we have adopted, or some other aspects of the model, do not apply to
the majority of hot Jupiter systems.
To recap, approximately 1% of the equal-mass simulations produce a giant planet
(section 5.4.2). Synthetic transit observations of all of our equal-mass simulations
show that the proportion of detected planetary systems containing both a hot Jupiter
and an inner super-Earth is 0.26%. This is similar to the occurrence rate of ∼ 0.2%
from the actual transit observations. There are five systems (as we defined and
selected) containing a hot Jupiter and an inner transiting planet within a total
number of ∼ 2500 transiting exoplanet systems. Nonetheless, in spite of this ap-
parent agreement it is clear the model presented here is not in agreement with the
majority of hot Jupiter systems observed in transit surveys that are also able to
detect super-Earths, as shown in figure 5.13.
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Figure 5.13.: Normalized probabilities of the final multiplicity, N , of the syntheti-
cally observed hot Jupiter systems arising from the equal-mass model.
The subscript ‘total’ represents the total multiplicity of the systems
(top panel). The bars coloured in dark green are the hot Jupiter
systems observed by Kepler, and in light green are the synthetically
detected hot Jupiter systems from the simulations. The value of
Ntotal = 1 corresponds to only the giant in the systems being detected.
The subscripts ‘in’ (middle panel) and ‘out’ (bottom panel) represents
the numbers of planet detected interior or exterior to the giant.
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5.5. Impact of varying gas envelope accretion
prescription
The gas envelope accretion routine is an important ingredient that affects the gi-
ant planet formation rate. In section 5.4, we adopted equation 5.12 to accrete
gas envelopes during the phase when the planet is embedded in the disc, and this
prescriptions is insensitive to local disc conditions as it is based on calculations per-
formed at 5.2 au (see figure 5.2, dashed lines). Realistically, the local gas accretion
rate is dependent on local disc properties, such as the local temperature and opacity.
In this section, we investigate the impact of adopting equation 5.13, which depends
on local disc conditions, on the planetary systems formed in the simulations.
5.5.1. Simulation outcomes
To investigate the changes to our main results (section 5.4) that arise when using
a more realistic gas envelope accretion model, we ran an extra set of equal-mass
simulations with equation 5.13. Equation 5.13 does not have a finite solution if
Mge = 0 due to the negative power index, hence we initialise the protoplanets
with a small and dynamically negligible envelope with Mge = 10−8 M⊕ for all the
protoplanets in the simulations. We consider three sets of runs with different values
of the opacity reduction factor fopa = 10−1, 10−2, and 10−3, and we use the labelling
convention o1, o2, and o3 when describing the simulations. Together with the
initial K-values (K = 4 and 5) and the five selected systems, there are a total of 30
templates (3 sets of fopa × 2 sets of initial K-value × 5 selected systems).
Equation 5.13 produces a larger gas accretion rate for a smaller value of fopa, as
expected. We find that the o1 and o2 runs do not produce any giants with mass
> 100 M⊕, while the o3 runs have a giant formation rate of ∼ 6%. Hence, compared
to the giant formation rate of the equal-mass runs in the main result (section 5.4.2),
the o3 runs produce more giants while the o2 runs produce fewer. Synthetically
observing the o3 runs as described in section 5.4.4 yields a 1.36% chance that a
detected system contains a transiting hot Jupiter and at least one transiting inner
super-Earth.
Figure 5.14 and 5.15 show the dynamical evolution of a run from the template
of WASP47-XM-4K-o3 , where a hot Jupiter orbiting at ∼ 0.06 au is formed with an
inner super-Earth orbiting at ∼ 0.04 au. The o3 runs which successfully formed
one hot Jupiter, follow a very similar evolution as our main set of simulations (e.g.
figure 5.8) and always contain an inner planet.
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Figure 5.14.: Similar to figure 5.4 but for a run of the WASP47-o3-4K template,
showing the evolution of the semimajor axes, eccentricities, inclina-
tions, and masses. The blue lines indicated the most massive object in
the simulation.
Interestingly, ∼ 3% of our o3 runs produce two hot Jupiters in a system. Fig-
ure 5.16 and 5.17 show one example. A massive core (∼ 5 M⊕) forms at an early
stage at ∼ 0.1 Myr, and undergoes runaway gas accretion and opens a gap (figure
5.17, second panel). The rapid growth of a giant induces collisional accretion and
formation of a second core that undergoes runway gas accretion followed by gap
formation (figure 5.17, third panel). These two planets then grow at the viscous
supply rate (equation 5.14) and end up as gas giants with masses ∼ 398 M⊕ and
542 M⊕.
The two giants in this run did not evolve much in terms of their semimajor axes.
However, stronger dynamical interactions between the two giants result in higher
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Figure 5.15.: Similar to figure 5.5 but for the same run as shown in figure 5.14, an
equal-mass run with the new gas envelope accretion routine. As with
the other equal-mass runs that form a giant planet, the gap opening,
photoevaporation, and disc dissipation times are similar to the seed-
model runs. The bottom panel shows a time close to the end of the
simulation, and the system has a hot Jupiter at ∼ 0.06 au and one
inner super-Earth.
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Figure 5.16.: Evolution of a run from the Kepler730-o3-4K template, similar to fig-
ure 5.4. The blue lines indicate the most massive planet the simulation,
and the red lines indicated the second-most massive object.
eccentricities and inclinations (figure 5.16, blue and red lines) than for single hot
Jupiter systems (e.g figure 5.4 and 5.14, blue lines). Recent observations of the
WASP-148 system show that it may have two close-in giants orbiting and transiting
the same star (Hébrard et al., 2020). The WASP-148 system contains two giants
that both have mass ∼ 100 M⊕ and semimajor axes ∼ 0.08 and 0.21 au. The two
planets WASP-148 b and c are on more eccentric orbits (0.2 < e < 0.36) than
obtained in our simulation (see figure 5.16), and this may be because the two giants
in our simulation did not experience strong scattering with another giant planet.
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Figure 5.17.: Similar to figure 5.15 but for the same run as shown in figure 5.16.
The first gap opening planet forms early (∼ 0.5 Myr). Another large
core forms before 1 Myr, allowing two gas giants to form before the
gas disc dissipates.
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5.6. Discussion and conclusions
In this study, we have presented the results of N -body simulations of the in situ for-
mation of planetary systems containing a hot Jupiter and super-Earths that orbit
interior to the giant planet. The aim is to examine whether or not planetary sys-
tems with this architecture can form locally by the collisional accretion of planetary
embryos followed by gas envelope accretion onto cores that grow to sufficient mass.
This study is motivated by observations that demonstrate the existence of plan-
etary systems with the above described architecture. In particular, the systems
WASP-47, Kepler-730, TOI-1130, Kepler-487, and Kepler-89 all have a transiting
giant with an orbital period less than 30 days and contain at least one inner tran-
siting super-Earth/sub-Neptune. We use these systems as templates to construct
the initial conditions for the N -body simulations, where the orbital locations of the
giant planets define the median semi-major axes of the planetary embryos.
Two different sets of initial conditions were considered, a ‘seed-model’ and an
‘equal-mass model’. In the seed-models, a relatively massive seed-protoplanet (4 or
4.5 M⊕) was placed at the reference semi-major axis, with multiple 0.5 M⊕ embryos
orbiting interior and exterior to the seed. The equal-mass models have a chain
of equal mass embryos (0.5 M⊕) centred at the reference semi-major axis. The
purpose of the seed-model was to study the dynamical evolution of systems in which
a giant planet was essentially guaranteed to form, while the equal-mass simulations
investigate the giant planet occurrence rate using a set of unbiased initial conditions.
The N -body simulations included a realistic collision model and a protoplanetary
disc modelled as an α-disc subject to photoevaporation. The disc provided eccen-
tricity/damping forces on the protoplanets that were also able to accrete gas from
the disc. Orbital migration through disc-planet interactions was neglected.
We observed that the dynamical evolution of the seed-models consistently followed
4 phases of evolution: 1) an early impact phase, where embryo-embryo collisions oc-
cur frequently at early times because of the initial compact configurations of the
embryos, and where the systems stabilize after this initial epoch of collisional evo-
lution due to the disc damping forces; 2) a runaway gas accretion phase, where
the seed-protoplanet undergoes runaway gas envelope accretion, and the rapid in-
crease in the mass of this planet dynamically heats up other bodies in the system;
3) an outer disc damping phase, where the embryos exterior to the seed protoplanet
continue to experience the disc damping forces and the interior planets experience
almost no disc damping force because of gap formation; 4) a late chaotic phase,
where giant impacts between planets are common due to the dispersal of the gas
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disc.
By design, the seed-model is efficient at producing systems of coexisting hot
Jupiters and inner super-Earths/sub-Neptunes. The final average multiplicity of
the inner systems is 2.2, while the average outer system multiplicity is 3.5. The
inner system planets are more massive than the outer planets on average. The av-
erage inner system planet mass is 13.2 M⊕, and that of the outer system is 4.8 M⊕.
All seed-model runs result in a final system consisting of a hot Jupiter and inner
super-Earths/sub-Neptunes (except for the WASP47 templates for reasons discussed
in section 5.4.1).
The equal-mass models require efficient collisional accretion among the embryos
to occur in order for a giant planet to form within the gas disc lifetime. Only ∼ 1%
of the equal-mass runs produced a gas giant planet. The formation history for such
systems follows the four phases described above for the seed-model. For the runs
where no giant forms, the disc damping forces are dominant throughout the gas
disc lifetime, and embryo collisions are only common at the very early stages of
the simulations (due to the initial compact configurations) and after the gas disc
disperses.
For the equal-mass runs, we undertook synthetic transit observations of our final
planetary systems, and the proportion of the detected systems that contained a hot
Jupiter and at least one inner super-Earth was 0.26%, similar to the occurrence
rate of ∼ 0.2% for such systems from actual transit surveys. However, we find
that there is only a ∼ 5% chance that a hot Jupiter would be detected as a single
planet without nearby interior or exterior super-Earths, and so it is clear that the
model presented here cannot explain the majority of hot Jupiter systems. The final
planetary systems we form containing a hot Jupiter and nearby super-Earths are
too flat to agree with the results of transit surveys such as Kepler.
A crucial ingredient in the models is the gas envelope accretion prescription, and
we examined the impact of adopting different gas accretion routines. This included
the simple fit from (Coleman and Nelson, 2016b) to the 1D gas accretion simulations
conducted at 5.2 au by Movshovitz et al. (2010), and a new fit to a large suite of
1D gas accretion simulations conducted at different orbital radii and with different
envelope opacities using the 1D envelope structure model of Coleman et al. (2017).
One conclusion from our study is that a significant opacity reduction factor of, fopa,
is required to form a hot Jupiter in these simulations. A value of fopa = 10−2 is not
small enough, whereas fopa = 10−3 results in approximately 6% of the equal-mass
simulations forming a hot Jupiter, which is higher than the ∼ 1% rate obtained
when using the Coleman and Nelson (2016b) gas accretion prescription. Due to
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the high efficiency of giant formation with fopa = 10−3, ∼ 3% of the runs formed
systems with two giant planets, similar to the recently reported planetary system,
WASP-148 (Hébrard et al., 2020).
The simulations presented here show that within the parameter space that we
have considered, the formation of systems containing a hot Jupiter and at least one
interior super-Earth/sub-Neptune can form in situ through collisional accretion in
a compact chain of planetary embryos, followed by gas accretion onto a core that
grows to be of sufficient mass to undergo runaway gas accretion. Overall, the fre-
quency with which such systems are detected when we synthetically observe the
simulation outcomes is similar to the frequency of occurrence in actual transit sur-
veys. However, closer inspection of the distribution of system multiplicities arising
from the simulations shows that they do not match the observations, as the models
predict that hot Jupiters should be rarely be detected as single planets.
The model presented here can form systems similar to WASP-47, Kepler-730, and
TOI-1130, and may represent the means by which systems with these particular
architectures formed. The failure to form hot Jupiter systems that appear as single
planets in transit surveys, however, suggests an alternative formation scenario is
required to explain the majority of hot Jupiter systems.
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讓我對這世界好奇
讓我信自己的真理
— 陳奕迅, 林夕 〈我的快樂時代〉
6.1. Conclusions
The research presented in this thesis focus on the simulation of formation and dy-
namical evolution of planetary systems, and statistical comparison between different
planetary system formation scenarios and observational data. To achieve a compre-
hensive simulation model, I adopted a new version of N -body code (by implementing
symba), that includes a realistic collision algorithm (section 2.1) and protoplanetary
disc evolution for planet-disc interaction (section 2.2). Moreover, I have written a
synthetic transit observation program, which can provide synthetic transit surveys
on planetary systems from simulations (section 2.3), to provide meaningful compar-
ison to the transit surveys data. I have used these programs to study different plan-
etary system formation scenarios, such as the in situ formation and self-scattering
between protoplanets (chapter 3), dynamical heating of inner planetary system by
cold giants (chapter 4), and the coexistence of hot Jupiter and inner super-Earth
companions (chapter 5).
In situ self-scattering evolutions
I have studied the formation of compact systems of super-Earths via dynamical
instabilities and giant impacts. Using N -body simulations with the implemented
collision model, I examine the in situ, final gas-free stage assembly of multi-planet
systems via the collisional accretion of protoplanets. My approach to creating initial
conditions was to take a few known Kepler 5-planet systems, and to use these as
templates for producing systems of 20 protoplanets, whose total mass was the same
as the original Kepler systems, but in a more compact configuration. During the N -
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body simulations, the protoplanets would experience dynamical instabilities which
lead to planet-planet scatterings and giant impacts. Two different prescriptions
(perfect merger and realistic accretion model) for treating planetary collisions were
adopted.
Simulations of this scenario produce the mutual Hill separation distribution peak
at 20 mutual Hill radii, which is in agreement with the Kepler observation. However,
I found that the simulated systems overproduce, by about a factor of 2, the numbers
of high-multiplicity versus low-multiplicity systems compared to the Kepler systems.
My simulations and the synthetic observations also produce single-transiting-planets
with systematically larger eccentricities than the planets in multi-transiting-systems,
{〈e1〉 , 〈e≥2〉} ≈ {0.1, 0.05}, because the single-transiting-planets are from systems
that have undergone stronger scattering than the multi-transiting-systems, but still
cannot generate a large enough eccentricity distribution to provide a good match
to the observationally inferred distributions of eccentricities for single-transiting-
systems from Mills et al. (2019) where {〈e1〉 , 〈e≥2〉} ≈ {0.21, 0.05}. The observed
distributions of planetary multiplicities or eccentricities are not reproduced, because
scattering does not excite the systems sufficiently.
For the same reason, the systems I explored did not dynamically excite themselves
sufficiently for collisions to be highly disruptive, the simulation outcomes had almost
no detectable dependence on the collision model adopted. Nevertheless, the realistic
accretion model is important during post-processing the collision outcomes. It sug-
gests that they would not significantly change the ice fractions of initially ice-rich
protoplanets, but significant stripping of gaseous envelopes appears likely. Hence,
it may be difficult to reconcile the observation that many low-mass Kepler planets
have H/He envelopes with an in situ formation scenario that involves giant impacts
after dispersal of the gas disc. In addition, I find that co-orbital planet pairs in
horseshoe or tadpole orbits can be formed under this scenario, where around 1% of
the simulations can produce a stable 1:1 resonance planet pair.
Dynamical heating by cold giants
In this project, I have studied the origin of the eccentricity dichotomy displayed by
compact super-Earths which experienced dynamical heating by cold giants. Recent
Kepler analyses have reported a dichotomy in the eccentricity distribution displayed
by systems where a single planet transits compared with that displayed by the
multi-planet systems (Xie et al., 2016; Mills et al., 2019). As mentioned in the last
section, the in situ self-scattering simulations can provide results that are generally
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in agreement with the data on the mutual separations between the planets. But when
planetary system masses are adopted that are characteristic of those inferred for the
Kepler multi-systems, then the degree of gravitational scattering is insufficient to
provide large enough mutual inclinations or eccentricities to explain the multiplicity
and eccentricity dichotomies (chapter 3 and Poon et al., 2020). This has led to an
alternative hypothesis for explaining the eccentricity dichotomy, namely that giant
planets in the outer regions of planetary systems perturb the inner systems.
Using N -body simulations, I showed that the dichotomy can arise if inner sys-
tems of super-Earths are frequently accompanied by outer systems of giant planets
that can become dynamically unstable and perturb the inner systems. The initial
conditions are constructed using a subset of the known Kepler 5-planet systems as
templates for the inner systems, and systems of outer giant planets with masses
between those of Neptune and Saturn that are centred on orbital radii between 2
to 10 au. The parameters of the outer systems are chosen so that they are always
below an assumed radial velocity detection threshold of ∼ 3 ms−1.
I found that the synthetic transit observation of the simulated systems considered
produce better agreement with the Kepler data compared to the multiplicity ratios
obtained from the self-scattering of the inner systems of super-Earths. Some of the
outer templates resulted in inner systems that are in very good agreement with the
Kepler multiplicity ratios and reproduce the Kepler multiplicity dichotomy. Syn-
thetic observation of the simulated inner systems also produces a very clear eccen-
tricity dichotomy. For the simulations with outer systems, I obtain the mean eccen-
tricities 0.06 ≤ 〈e≥2〉 ≤ 0.10 for multi-transiting systems and 0.11 ≤ 〈e1〉 ≤ 0.25 for
single-transiting systems. The outer system comprised of 6 planets centred around a
semi-major axis of 5 au with masses of 60 M⊕ resulted in an eccentricity dichotomy
characterised by {〈e1〉 , 〈e≥2〉} ≈ {0.25, 0.07}, which is in decent agreement with
the values {〈e1〉 , 〈e≥2〉} ≈ {0.3, 0.04} reported by Xie et al. (2016) and the value
{〈e1〉 , 〈e≥2〉} ≈ {0.21, 0.05} reported by Mills et al. (2019).
Hot Jupiters with companion super-Earths
Recent observations confirmed multiple systems where a hot Jupiter and inner super-
Earths coexist, such as the WASP-47, Kepler-730, and TOI-1130 systems. The origin
and the formation process for such systems are not yet well understood. I examined
the hypothesis of forming this type of system in a protoplanetary disc while assuming
an in situ formation process by using N -body simulations, as well as the adopted
planet-disc interaction and the realistic collision algorithm. In the in situ disc, the
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migration forces are switched off, while other physical process remain active, such as
eccentricity and inclination damping, disc gap opening, and especially, protoplanet
gas envelope accretion. With the gas envelope accretion routine, protoplanets can
accrete their gas envelope and eventually become gas giants if they can accrete gas
quick enough before the disc is dissipated.
I constructed the initial conditions by using the known positions of the hot Jupiter
in such systems as the reference locations (e.g. semi-major axis of WASP-47b at
0.051 au, Kepler-730b at 0.069 au, TOI-1130c at 0.071 au). Two different sets of
initial conditions are considered, a so-called ‘seed-model’ and a ‘equal-mass-model’.
The seed-model is constructed by putting a relatively massive protoplanet (∼
4 M⊕) at the reference semi-major axis together with multiple 0.5 M⊕ protoplanets
sitting both closer and further to the side of the reference protoplanet. The focus
of the seed-model is to study the dynamical evolution of a system with a growing
giant. Simulations of the seed-model lead to the formation of systems contaning
a hot Jupiter and nearby super-Earths/sub-Neptunes. The evolution consistently
follows four distinct phases: early giant impacts; runaway gas accretion onto the seed
protoplanet; disc damping-dominated evolution of the embryos orbiting exterior to
the giant; a late chaotic phase after the dispersal of the gas disc.
The equal-mass-model is constructed by putting a chain of equal mass protoplan-
ets (0.5 M⊕) centred at the reference semi-major axis. In the equal-mass-model,
giant planet formation requires protoplanets to gain mass by accreting other pro-
toplanets in the early stage of the simulation, which can lead to the gas envelope
accretion routine to be significant enough to form giants. Different formation param-
eters have also been tested in this equal-mass-model, such as the different values of
initial mutual Hill separation (4 ≤ K ≤ 5) and different values of opacity reduction
factor (which affect the gas accretion rate of the protoplanet). Approximately 1% of
the equal-mass simulations form a gas giant planet and follow the same four-phase
evolution. Synthetic transit observations of the equal-mass simulations provide an
occurrence rate of 0.26% for the systems containing a hot Jupiter and an inner super-
Earth, similar to the 0.2% occurrence rate from actual transit surveys. Also, a small
subset of my simulations form two close-in giants, similar to the WASP-148 system.
However, the simulated hot Jupiters are almost always detected in multi-transiting
systems, in disagreement with observations.
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Concluding remarks
How did exoplanetary systems form and evolve to create the diversity that we now
observe? The few studies presented in this thesis are set to address this question. We
can see from the results that the in situ scenario considered throughout this thesis
provided some outcomes that are comparable to the observations. However, there
are also important observational behaviours that are yet to be explained by the in
situ model. Compared to other existing models, e.g.migration, the in situ model has
both advantages and disadvantages in connecting the observations and theoretical
studies. It was never the intention of this thesis to rule out the plausibility of either
the in situ or migration model, but I hope that the results presented in this thesis
have been encouraging enough, to some extent, to merit further investigation of the
in situ model.
6.2. Future work
N -body simulations are a very powerful tool to provide studies of planetary system
evolutions, but there is still no single model which can reproduce all the observational
statistic. Future transit missions, such as PLATO (Rauer et al., 2014), will monitor
many more stars than Kepler, together with the high precision RV observations,
such as the Thirty Meter Telescope (TMT, Skidmore et al., 2015), they will provide
a much larger and more complete set of statistical data and place more stringent
constraints on the formation histories of exoplanetary systems. With this large and
continuously growing number of confirmed exoplanets, the study of the comparison
between planetary system formation theories and exoplanet observational statistics
will play an important role in the future. In the past decade, many formation studies
were focused on one specific type of observed system such as hot Jupiters in single-
planet systems, transiting close-in and compact systems of super-Earths, or cold
giants discovered by radial velocity. But recently, more diverse exoplanet systems
were observed, such as, WASP-47 which is a system where a hot Jupiter and inner
super-Earths coexist, and WASP-148 which contain 2 inner giants. The formation
history of such systems is not yet well understood.
To improve the understanding of the formation history, two approaches on im-
proving the N -body simulation model can be taken, which are 1) develop a global
simulation model which includes higher order physical effects in the simulation to
provide more in depth and detailed evolution information, and 2) with the existing
model, apply a significantly broader range of initial conditions. With these two ap-
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proaches, I would like to propose the following studies which will improve the planet
formation theory and the numerical simulation model.
Tracking the compositional change of planets during giant impacts
The components of a planet can be classified into three groups: rocky core, ice/water
envelope, and gas envelope. In a traditional N -body simulation, the planets are only
considered in the form of uniform density, instead of separating them into three
different components. This assumption can be made, up to the level of assuming
perfect merger during a planet-planet collision, where the collision outcome retains
all the masses from the two colliders. In a more realistic collision event, while the
impact energy and the impact angle are high enough to generate mass losses in the
form of fragmentations, the surface gas component is easiest to get stripped off, then
it is the ice/water component, and this is followed by the rocky component.
Planet-planet collision outcomes can be very diverse. The collision outcome is
highly depending on the collision condition, such as the impact energy, impact angle,
and the composition of the colliding objects. High-resolution smoothed-particle
hydrodynamics (SPH) simulations of planetary collisions can provide systematic
results and prescriptions for the collision outcomes. Different parameters can be
applied to the SPH experiments, such as the type of planet in terms of composition,
the ratio between each composition, impact energy, and impact angle. An in-depth
study of the high-resolution SPH results will be able to provide large improvement
to the collision results that could be adopted by N -body simulations, such as the
position, mass, and velocity distributions of the collision debris, and final masses
and composition ratios of the remnants.
A prescription of planet temperature evolution can also be implemented to my N -
body simulation model. The temperature evolution can include the increase of core
temperature during giant impact events, where a portion of impact kinetic energy
is converted to the form of thermal energy. The increase of core temperature would
heat up the atmosphere, if the planet originally has one, which would expand the
gas, decrease the Bondi radius of the planet, and lead to a potential mass loss for
the gas envelope component. The cooling of the atmosphere and the planet core
after the giant impacts can also be implemented to the temperature evolution model
to allow the increase of Bondi radius, and re-accretion of the gas component. The
prescriptions mentioned here would lead to changes in planetary radii and masses.
These changes can result in different outcomes of planet-planet scattering and the
realistic collision algorithm. Future observation by TMT may be able to detect
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young, molten planets that have recently formed via giant impacts, and hence will
provide constraints for models that involve evolution via giant impacts.
Together with the aid of my version of an N -body integrator which considered
realistic collisions with fragmentations, tracking all these compositional changes
throughout the whole N -body simulation, even before the disc dissipated, is pos-
sible. In a dynamically hot system, giant impacts can result in significant mass
loss (e.g. coexistence of hot Jupiter and close-in compact super-Earths studied in
chapter 5 and Poon et al. submitted.). Studying the dynamical evolution for such
fragments can provide answers to some questions, such as: Would the ice/water
fragments accrete back to the original planet, accrete by other planets, or even get
scattered out the system? Can the atmosphere survive the giant impacts through-
out the whole dynamical evolution process? How does this compositional change
take part in shaping the final simulated system? Is the final simulation outcome
comparable to observational data, such as the position of radius-valley or ratio of
planet that has thick atmosphere?
Evolution of the dynamically unstable outer planetary systems
Previous studies showed that unstable outer planetary systems with Jovian size
giants at a few au can induce perturbations to the inner systems (e.g. Mustill et al.,
2017; Huang et al., 2017). On top of that, my recent study shows that the general
scenario of outer unseen sub-Jovian planets (RV precision . 3 ms−1) perturbing
inner planetary systems is a promising mechanism for explaining some aspects of
the Kepler multiplicity and eccentricity dichotomies (chapter 4 and Poon and Nelson,
2020). Such unseen outer planets are very difficult to detect with current instruments
such as SPHERE on the VLT, GPI on Gemini and SCExAO on Subaru. Future RV
observations and direct detection with high precision, such as TMT and its installed
ExAO systems, will be able to unfold the planets population which is similar to
some of the outer planetary parameters that I considered in my previous work,
and demonstrate whether or not these systems exist with the frequency required
to explain the Kepler data. Also, the ALMA detection of kinematic signatures of
planets in molecular line observations (Pinte et al., 2019) points to a population of
outer planetary systems. It is of interest to investigate how these systems might
evolve towards becoming dynamically unstable by considering the inward migration
during the disc phase.
I plan to run hydrodynamical simulations of the planetary disc, with the FARGO
code, that explore this scenario. Through these simulations, we can determine under
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what conditions the systems can be developed to the long-term unstable systems
that can perturb the inner planetary systems. Constructing observables of these
simulation results can be used to compare with the ALMA observations, which can
provide a good connection between the scenario of outer giant planets perturbation
to their inner systems and the observations.
Long term tidal evolution for close-in planets
A recent study by Owen and Campos Estrada (2020) suggested that a large number
of short period super-Earths have lost their gas envelopes by atmosphere photoe-
vaporation to explain the origin of the radius-valley, which suggested that many
Kepler super-Earths would have a tidal dissipation parameter, Q ∼ 100, because
of their rocky composition. With this Q-value, the tidal damping time-scale for
many close-in super-Earths would be shorter than 1 Gyr and result in very circular
orbits. However, applying this Q-value would be difficult to reproduce the observed
eccentricity dichotomy (chapter 4 and Poon and Nelson, 2020) where the mean ec-
centricity of Kepler single-planet system is 〈e1〉 = 0.3 (Xie et al., 2016) or 0.21 (Mills
et al., 2019).
Moreover, the semi-major axis distribution of Kepler single-planet system peaks
at ∼ 0.05 au where tidal eccentricity damping can be significant. On the other
hand, if the atmosphere can be retained for such close-in super-Earths, the value of
Q could be increased to ∼ 1000. Which would provide, in general, a longer tidal
evolution time-scale and allow the eccentricity dichotomy to be retained throughout
the dynamical evolution of the planetary systems. Obtaining a distribution of the
tidal dissipation parameter Q, which can yield a fit on both the observations and
dynamical simulations, would provide information for a more complete formation
model.
Some previous N -body studies on Kepler-like systems with close-in planets (semi-
major axis < 0.05 au) show that higher order physical effects with long evolution
time-scale, such as tidal eccentricity damping, are not going to affect the statistical
outcome significantly for simulations run up to a few 10 Myr time-scale. It is because
a reasonable N -body simulation time-scale of such Kepler-like systems is in orders
of 10 Myr due to the small time-step. However, the age of Kepler systems is in Gyr
time-scale, and such effects with long evolution time-scale might become important
while comparing the simulation to the Kepler observation statistic.
My plan is to test the relation between different distributions of Q-values and
the eccentricity dichotomy signal from the synthetic observation of the N -body
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simulation results. I will apply an adopted version of tidal evolution model on
my N -body simulations, which can model the tidal evolution of planets in Gyr
time-scale, and run simultaneously to the N -body simulations for 10 Myr time-
scale. The adopted simulation can be used for other future N -body studies, which
contain close-in super-Earths or sub-Neptunes, to provide long term tidal effect in a
reasonable simulation time. And the result of the distribution of Q-value can provide
hints on the underlying eccentricity distribution of Kepler observations, such as the
population of low and high eccentricity systems.
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A.1. Planetesimal ring fragmentation
For the imperfect collision simulations, which adopted the collision model from Lein-
hardt and Stewart (2012), approximately 10% of our simulations experienced at
least one super-catastrophic collision, leading to the formation of a ring composed
of collision debris in the form of planetesimals. This ring was often confined to the
inner most regions close to the star, where collision velocities can reach their highest
values, and this led to large numbers of particles needing to be integrated using
small time step sizes. In order to overcome this problem, we developed a scheme
for reducing the masses of the ring particles on a time scale corresponding to their
collision time scales. Then, once the mass of the ring reaches negligible values, the
ring particles could be removed from the simulations, since the planetesimals would
then be ground down to dust, which would be removed in reality by the Poynting-
Robertson effect for grain sizes between 1 mm to 1 µm (Poynting, 1903; Robertson,
1937; Guess, 1962) or radiation pressure for grains smaller than 1 µm (Burns et al.,
1979). When there is a fragmentation ring detected between the inner-most big
body and the host star, we apply the following step during the simulation.
The total number of bodies in the ring, N , the mean semi-major axis, 〈a〉, eccen-
tricity, 〈e〉, inclination, 〈I〉, and semi-major axis of the inner- and outer-most bodies
in the ring (aout and ain) can be found from the simulations. These can be used to











Figure A.1.: An example of an inner ring from one of our simulations, where the
small black dots are the position of the inner ring objects. The blue
circles denote the planets with their size is relative in term of their mass.
The centre red pentagram is the position of the host star. Viewed from
the top of the system all bodies are orbiting the host star in an anti-
clockwise direction. Parameter information about this inner ring is
listed in figure A.2 and table A.1.




where 〈vk〉 is the mean Keplerian velocity of the objects in the ring. The collision
cross-section is simply,
σ = πR2p. (A.4)




where t0 is the time of ring formation, and after 15 e-folding times we remove the
ring particles, since their masses are then negligible.
Figure A.1 shows the ring formed in one of our simulations. Figure A.2 shows the
parameters of the ring shown in figure A.1, and table A.1 lists the ring parameters.
We can see 2177 bodies with masses ∼ 0.0015 M⊕ concentrated between 0.01 and
0.05 au. Applying the parameters of the ring listed in table A.1 to equations A.1,
we get τcoll = 2.12 yrs, leading to rapid removal of the ring.
We note Mustill et al. (2018) also include an imperfect accretion model in their
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Table A.1.: Fragmentation ring parameters for Kepler55_low_06, displayed in fig-
ure A.1.
N ain [au] aout [au] 〈a〉 [au] 〈e〉 〈I〉 [rad]
2177 0.0241 0.0283 0.0260 0.2213 0.1272
Figure A.2.: Counting distribution of all inner ring object parameters. Where it
shows the distribution of the (top left) semi-major axis, (top right)
distance, r, from the host star, (bottom left) eccentricities, and (bottom
right) inclinations.
simulations, and immediately remove all small debris particles after they are formed
because of the small time scale for collisions and collisional grinding versus the re-
accretion time scale of the debris onto nearby protoplanets. We have examined the
re-accretion time scale for debris particles in our simulations, and find that after a
debris cloud is generated the time scale for half of the debris particles generated to
be re-accreted is between ∼ 2 years up to ∼ 100 years, as shown in Figure A.3. This
is considerably shorter than the re-accretion time scale of 30,000 years estimated by
Mustill et al. (2018), but perhaps comparable to or longer than the typical grinding
time scales for debris clouds generated by during collisions. This suggests that a
realistic model for the evolution of post-collision debris should allow a fraction of it to
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Figure A.3.: Time since collision versus the fraction of debris particles remaining
since the collision for 8 collision events selected from the simulations.
re-accrete while the other fraction is ground down and removed by radiation pressure.
Incorporating such a model, however, goes beyond the scope of this chapter.
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A.2. Surface density fitting model
Table A.2 shows all the coefficients adopted to fit the surface density, Σfit, together
with the type of fitting model chosen from the models described in section m3.2.3.
The choice of fitting model was made by selecting the one that gave the best least-
squares fit.
Table A.2.: Surface density fitting model for the eight Kepler templates. For model
details see equation 3.14.
System template Fitting model c1 c2 c3 c4
Kepler55 Power law 1.047× 10−1 -2.488 73.80 /
Kepler80 Polynomial −1.687× 107 2.597× 106 −1.097× 105 1.917× 103
Kepler84 Polynomial 2.062× 105 −9.379× 104 1.142× 104 −1.507× 102
Kepler102 Fourier series 1.042× 102 57.58 37.81 60.55
Kepler154 Polynomial 6.073× 104 −3.512× 104 5.303× 103 -25.78
Kepler169 Exponential 5.233× 102 -17.72 0 /
Kepler292 Power law 29.21 9.643× 10−1 0 /
Kepler296 Power law 9.924× 10−1 -2.082 0 /
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A.3. Simulation outputs for individual templates
This section provides the simulation outcomes from all system templates that were
not shown in the main body of chapter 3.
Figure A.4.: Same plot as figure 3.7 but for the imperfect Kepler-55, 84, 154, and
296 templates.




Figure A.6.: Same plot as figure 3.7 but for the perfect Kepler80, 102, 169, and 292
templates.




Figure A.8.: Same plot as figure 3.7 but for the perfect Kepler55, 84, 154, and 296
templates.




Figure A.10.: Similar to figure 3.7 but for the comparison of template Kepler169
(perfect routine) after running 10 Myr and 100 Myr.
Figure A.11.: Similar to figure 3.11 but for the comparison of template Kepler169
(perfect routine) after running 10 Myr and 100 Myr.
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A.4. Initial eccentricities of the inner systems
The upper panel of figure A.12 shows the initial eccentricities for all planets con-
tained in the inner systems considered in this study. These are the values that arise
when setting the eccentricities according to a Rayleigh distribution, as described
in Section 4.3.3. The lower panel of figure A.12 shows the final eccentricities after
the inner planet systems have been evolved for 10 Myr in the absence of the outer
systems of giant planets, and we see that some planets have experienced eccentricity
growth even though scattering between the planets has been minimal. Figure A.13
shows the same final eccentricities after the inner planet systems have been evolved
for 10 Myr in the absence of the outer systems of giant planets, but now on a sys-
tem by system basis. In some systems there has been a redistribution of the angular
momentum deficit (AMD) causing some of the innermost and lowest mass planets
to experience increases in their eccentricities.
Figure A.12.: Eccentricities versus semi-major axis for the inner system before and
after they have been evolved for 10 Myr in the absence of giant planets
214
A. Supplementary contents
Figure A.13.: Eccentricities versus semi-major axis for the inner systems after they
have been evolved for 10 Myr in the absence of giant planets
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A.5. Eccentricity distributions obtained by
synthetic observations
Eccentricity distributions of inner systems from 8 outer system templates obtained
by synthetic observations.
Figure A.14.: CDFs of the eccentricities obtained from the synthetic observation of
all outer system templates with aout = 5 au. For comparison, the CDFs
of eccentricities drawn from Rayleigh distributions with eccentricity
parameters σ = 0.167 and σ = 0.035 are also plotted.
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Figure A.15.: CDFs of the eccentricities obtained from the synthetic observation of
all outer system templates with aout = 10 au. For comparison, the
CDFs of eccentricities drawn from Rayleigh distributions with eccen-











where c1 and c2 are the mass-radius relation coefficients and are different at different
domain. The values of c1 and c2 are listed in table A.3. Figure A.16 shows the mass-
radius relation, also in comparison with other astronomical objects.
Table A.3.: The value of c1 and c2 applied to the mass-radius relation (equation
A.6).
Planet mass range [M⊕] c1 c2
Mp 6 0.01 1.1748 0.3333
0.01 < Mp 6 2 1.0014 0.2987
2 < Mp 6 5.8 1.0340 0.2524
5.8 < Mp 6 91 0.4372 0.7440
91 < Mp 6 1000 14.9562 -0.0386
Figure A.16.: Mass-radius relation that adopted in this study, calculated by equa-
tion A.6. Comparison to other astronomical objects is provided, in-
cluding the Solar System planets (black dots), confirmed exoplanets
(grey dots), other Solar System objects larger than 400 km (+), and





The system parameters of the five selected systems that we focused in this study,
including WASP-47 (Becker et al., 2015), Kepler-730 (Cañas et al., 2019), TOI-1130
(Huang et al., 2020), Kepler-487 (Morton et al., 2016), and Kepler-89 (also known
as KOI-94, Weiss et al., 2013).
Table A.4.: Stellar and planet parameters of the five selected systems. All planets
in the table are transiting planet and the known masses are given in the
form of mass, except WASP-47c which is detected by RV† and the mass
is in Mp sin I.‡ We list this planet here for the completeness, but the
frmation process of this cold giant is not the main consideration in this
study. KOI-191.02 and 191.03 are Kepler candidates orbiting their at
the Kepler-487 (KOI-191) system∗.
Stellar Parameters
Host name M? [M] R? [R] T? [K]
WASP-47 1.040 1.137 5552
Kepler-730 1.047 1.411 5620
TOI-1130 0.684 0.687 4250
Kepler-487 0.910 0.880 5444
Kepler-89 1.277 1.520 6182
Planet Parameters
Planet name a [au] Mp [M⊕] Rp [R⊕]
WASP-47 e 0.01694 6.83 1.81
- b 0.05129 363.1 12.63
- d 0.08600 13.1 3.576
- c† 1.3926 398.2‡ -
Kepler-730 c 0.03997 - 1.57
- b 0.0694 - 12.33
TOI-1130 b 0.04394 - 3.65
- c 0.07098 309.6 16.8
Kepler-487 191.03∗ 0.0149 - 1.20
- 191.02∗ 0.0337 - 2.25
- b 0.11719 - 11.42
- c 0.21682 - 2.68
Kepler-89 b 0.05119 10.5 1.71
- c 0.1013 15.6 4.32
- d 0.1684 106.0 11.27
- e 0.3046 35.0 6.56
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